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ABSTRACT

The purpose of this study is to examine the effects of
the Computer-Intensive Algebra (CIA) and traditional algebra
(TA) curricula on students' understanding of the function
concept.

CIA was developed recently in an effort to address

some of the deficiencies in TA, namely, its over-emphasis of
procedural skills and lack of attention to concepts and
problem solving (Fey, 1992; Kieran, 1990).

The major

features of this innovative curriculum are (a) a problem
solving approach based on the modelling and exploration of
realistic problem situations, (b) an emphasis on conceptual
knowledge, and (c) the extensive use of technology.
This study hypothesizes that CIA students develop a
richer understanding of functions than their TA counterparts
while achieving at least the same level of procedural skill.
A theoretical framework is proposed which describes a
conceptual knowledge of functions in terms of the following
components:

(a) modelling a real-world situation using

functions, (b) interpreting a function in terms of a
realistic situation, (c) translating between different
representations of functions, and (d) reifying functions.
The subjects were university students enrolled in a
College Algebra course.

One section of this course was

taught following the CIA curriculum and compared to the
traditional sections.

Instruments included pre and post
x
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•tests on functions, attitude measures, researcher
questionnaires, and the departmental final examination.
Qualitative data were also collected via two sets of
interviews conducted with students from each of the two
curricula.
The results indicated that the CIA students achieved a
better overall understanding of functions and were better in
the individual components of modelling, interpreting, and
translating.

No significant differences were found for

reifying, which emerged as the most difficult in the
function model for both groups.

The data from the final

examination were less definitive making it difficult to draw
any definite conclusions about skill development.

Other

findings of interest were that the CIA students showed
significant improvements in their attitudes and levels of
anxiety toward mathematics.

Also, the CIA class was rated

as more interesting by the students and achieved a much
higher percentage of students successfully completing the
course.

xi
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CHAPTER 1
STATEMENT OF THE PROBLEM

Within the domain of mathematics, algebra has assumed a
central role both throughout history and in the experience
of students.

Historically, algebra began as a system

characterized by the use of ordinary language descriptions
for the solving of particular types of problems.

Over the

centuries, it gradually evolved through a series of stages
to become the symbolic algebra of today.

This is a system

which can be used to express general solutions to problems
and to prove rules governing numerical relations (Kieran,
1990a).
At the present time, the concepts, principles, and
methods of algebra represent the core

of high school

mathematics.

not only for thestudy

They are a prerequisite

of advanced mathematics, but also for science, technology,
and many other disciplines.

However, the traditional

algebra curriculum is currently tinder
and is the subject

attack on manyfronts

of a widespread debate about its

effectiveness and appropriateness for today's society.
Algebra Curriculum Debate
Overview
Since the report of the National Advisory Committee on
Mathematics Education (NACOME, 1975) signaling the death
knell of "new math," there have been numerous criticisms of
1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

school mathematics and calls for reform of the mathematics
curriculum.

These cries for change have emanated from all

sections of society, including political officials, industry
leaders, scientists, school administrators, teachers, and
parents.

The major complaints have centered on the decline

in performance in U.S. schools, the poor achievement of U.S.
students in comparison to students from other countries, and
the inadequacy of the antiquated view of mathematics for our
information age society.

These deficiencies have resulted

in many students emerging from high school who are prepared
for neither college nor work.
Some of the strongest statements in this movement have
come from organizations within the mathematics/mathematics
education community itself, such as the National Council of
Teachers of Mathematics (NCTM, 1980, 1989, 1991, 1992), the
Mathematical Association of America (MAA, 1991), and the
Committee on the Mathematical Sciences in the Year 2000 (a
joint project of the Mathematical Sciences Educational Board
and the Board on Mathematical Sciences, created by the
National Research Committee) (NRC, 1989).

Another important

voice urging the revitalization of the mathematics
curriculum is The National Commission on Excellence in
Education (1983).
The reports from these distinguished groups generally
acknowledged that something was seriously lacking in our
educational system, and they stressed the importance of
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3
education for the future strength of this country and for
individual success.

Their goals were to define the problems

in that system and to provide solutions to those problems.
Among these reports, the most widely acclaimed is the
Curriculum and Evaluation Standards for School Mathematics
(NCTM, 1989).

This document establishes a broad framework

for reform in the teaching and learning of mathematics based
on societal goals, student needs, research, and experience.
A theme common to all of these articles is the
importance of a meaningful and relevant mathematics
education for every citizen (NCTM, 1980, 1989).

Such an

education is necessary to allow individuals to have the
opportunity to lead productive and fulfilling lives, and to
provide today's high-tech industry with a sufficiently
educated and "math-literate" workforce.

Another shared

conviction is that technology is the major force in the
drive for change, as it has reshaped the needs of our
society in this age of electronic communication.
Issues
Problem solving
The dominant value issue in the forum of ideas about
the mathematics curriculum is the apparently universal
agreement that problem solving should be the focus of
attention at all levels.

Problem solving can be viewed and

evaluated from several different perspectives.

As a

process, it is a creative activity that is dynamic and
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cyclic; but it is also a reflective activity.

It consists

of domain-specific knowledge, general and specific
strategies (algorithms, heuristics), and metacognitive
factors such as control mechanisms or beliefs.

Often, the

process of problem solving is different from the subsequent
presentation of the solution.
Another view of problem solving is that of an
educational goal in itself, something which can be taught
and learned (Dreyfus, Artigue, Eisenberg, Tall, & Wheeler,
1990).

Wilson, Fernandez, & Hadaway (1993) adopt this

viewpoint when they refer to problem solving as the "heart
of mathematics" (p. 66).

Similarly, the National Council of

Supervisors of Mathematics (1978) describes problem solving
as "the principal reason for studying mathematics" (p. 76).
Problem solving as an instructional approach is
promoted as being consistent with both a constructivist
approach and a cognitive science view of learning.
According to Thompson (1985), who bases his remarks on the
work of Polya, the purpose of education is to develop
intelligence through problem solving.

In problem solving

environments, the students are actively involved in and
responsible for there own learning.

This student

construction of knowledge and control of learning are two
characteristics recognized as central for promoting deeper
understandings of mathematical concepts (Dreyfus et al.,
1990).

Associated instructional methods, such as
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exploration and discovery, can also be used effectively in
the teaching of basic facts, procedures, as well as the
methods and goals of problem solving itself.
Concepts
Stimulated by the work of cognitive scientists in
analyzing the thought processes involved in the acquisition
of mathematical knowledge, research in mathematics education
begem to shift its focus to conceptual understanding in the
1960's (Wagner & Peirker, 1993).

These efforts have led to

the widely accepted belief that the mathematics curriculum
should decrease its attention to procedures and give
increased attention to concepts.

There should be a new

balance between conceptual and procedural knowledge, with
more emphasis on thinking rather them doing.
Within the domain of algebra, the central concepts are
those of variable and function.

The function concept has

many proponents who argue that it should serve as the
central organizing theme for the theory, practice, and
problem solving in algebra (Heid, Sheets, & Matras, 1990).
For example, Schwartz (NCTM, 1992) asserts that "the focus
of school algebra should be the concept of function" (p.
26), which he perceives both as an entity and a process.
Kaput (NCTM, 1992) agrees that the algebra curriculum should
be organized around this concept and says, "functions embody
the essence of mathematics itself" (p. 32).
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Functions are the primary mathematical tools to be used
in the problem solving process.

As such, they occur

throughout the mathematics curriculum and cire described by a
variety of representation systems.

These systems are quite

well suited to student exploration and analysis in computer
environments.

Such environments can then support and

encourage the establishment of the links among the different
representations used for functions.

Technology can and

should be fully exploited for the study of a wide variety of
realistic applications involving different families of
functions.

In this type of approach to algebra, functions

are more naturally introduced and developed in a manner
similar to their historical definition, thereby capitalizing
on students' intuitions and prior experience.
Technology
In addition to changing the needs of our society,
technology has become a vital, rapidly expanding force in
mathematics and mathematics education.

As Heid and Baylor

(1993) point out, "current and future computing technology
can shake the very foundations not only of how we teach
mathematics but also of what mathematics we teach" (p. 198).
The growing number of advocates of technology frequently
cite the power of calculators and computers to support and
enhance rich problem solving environments.

An assortment of

technological tools are available to assist students in the
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construction and exploration of mathematical models of a
broad range of realistic problem situations.
Another benefit derived from the incorporation of
technology into the curriculum is the decreased amount of
time required for skill development, which allows for more
concentration on algebraic thinking and conceptual
understanding.

Wagner and Parker (1993) verbalize this idea

metaphorically when they state, "As teachers, we can begin
to illuminate the structure of the algebraic forest without
asking students to climb every tree" (p. 119).
The graphical advantages of computing utilities are
already obvious, and they are increasing at a rapid pace.
In addition to providing a variety of visual displays for
information, graphical solution methods offer students
powerful techniques which are applicable to a more diverse
set of realistic equations and problems.

Also, new software

environments, featuring such innovations as action notations
and dynamically linked multiple representations of algebraic
concepts, promise deeper penetration into the subject matter
and deeper student understanding of algebraic ideas (Kaput,
1989; MAA, 1991).
Other Issues
Another prevalent idea in the arena of curriculum
reform is that the new goal should be for all students to
become "mathematically literate," that is, to gain
"mathematical power" (NCTM, 1989).

These terms encompass

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

several attributes:

(a) learning to value mathematics, (b)

becoming confident in their mathematics ability, (c)
becoming mathematical problem solvers, (d) learning to
communicate mathematically, and (e) learning to reason
mathematically.

Also, all students should learn to see the

connections between different mathematical topics and
between mathematics and other content areas.
Instructional methods should encompass a wide range of
approaches, including the traditional as well as large group
discussions, small groups work, and individual exploration.
In particular, the communication required by cooperative
work encourages students to learn the language and symbolism
of mathematics.

Also, new methods of assessing student

learning and assigning grades need to be developed and
implemented.
Pragmatic Factors
From a nationwide perspective, the major obstacles to
reforming the present curriculum stem from the structure of
decentralized authority in our educational system.

Action

needs to be taken based on national goals and standards.
However, the changes must be implemented on a local basis if
they are to be meaningful and lasting.

The suggestions here

call for a consensus to be built around the Standards (NCTM,
1989), which will provide the common framework and goals for
achieving excellence in local school programs (NRC, 1989).
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It is generally agreed that the success of this type of
national strategy is contingent on the support of all
segments of society for the climate of change.

The most

powerful tool in this effort is the public's commitment to
and demand for excellence in the education system of this
country.

All constituencies of mathematics education must

get involved:

(a) Students must work to their full

potential, (b) parents must actively participate in the
educational system and serve as role models for their
children, (c) school administrators must support and
encourage efforts to change, and (d) public officials must
provide the resources required to develop and implement
innovative programs.

However, the persons most important to

this process and most responsible for effecting lasting
change are the teachers (National Commission on Excellence
in Education, 1983).
Traditional Algebra
The preeminence of algebra in the mathematics
curriculum and in the experience of most students, both high
school and college, qualifies it as a leading target for the
reform movement.

The traditional algebra curriculum (TA)

has been strongly criticized for its overemphasis of
symbolism, manipulative skills, and rote memorization of
facts at the expense of the development of concepts and
problem solving abilities.

A current view of traditional

algebra portrays it as "a collection of isolated topics
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along with a set of prescribed skills that are quickly
forgotten and with a limited view of variables and
functions" (NCTM, 1992, p. 33).

Other characteristics of

traditional algebra under attack are its restricted use of
computer utilities and real-life applications.
An analysis of the present algebra curriculum reveals
that there have been very few changes over the past fifty
years.

Typical topics include sets, number systems,

relations and functions, equations and inequalities,
polynomials, rational expressions, exponents, radicals,
logarithms, trigonometry, probability, and sequences and
series.

In the past few decades, there have been some

attempts to include more practical applications, to
emphasize more graphing, and to utilize unifying concepts
such as set and function.

However, the changes that have

persisted into the algebra curriculum of today have been
more cosmetic than substantive (Thorpe, 1989).
While the algebra taught in the classroom has remained
relatively unchanged, mathematics and its applications in
our society have changed dramatically in recent years.

The

use of calculators and computers as tools in both applied
and abstract mathematics has changed not only the way that
mathematicians do mathematics, but also the way that
mathematics is used by scientists, engineers, and others
(Thorpe, 1989).

The result of this is that students emerge

from the TA curriculum without the mathematical know-how to
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cope effectively with today's technological society (Boersvan Oosterum, 1990).
In addition to the stable nature of the algebra
curriculum during this century, traditional algebra can be
characterized by its emphasis on procedural skills.

The

major focus in this skill-dominated conception of algebra
has been the training of students in the procedures for
manipulating symbolic expressions.

The practical support

for this type of approach prior to computer algebra is based
on the utility of the skill.

The theoretical support is the

belief held by many mathematics teachers that a proficiency
in procedural skills is a prerequisite for an understanding
of the concepts and for the development of problem solving
abilities.

However, this belief is now being questioned by

many mathematics educators and researchers (Fey, 1989; Heid,
1984).
In spite of this emphasis on manipulative skills, many
students in TA do not become proficient in these skills; and
even more do not develop an understanding of key algebraic
concepts such as variable or function (Fey, 1992).

Only a

few students are successful in achieving a deep level of
abstraction relative to functions.

Also, they generally do

not understand equation symbolism, tables, graphs, or the
links between the representation systems used for functions.
Another reported weakness is the lack of general problem
solving skills demonstrated by TA students.

These students
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often resort to memorizing rules and procedures, and they
cannot apply this knowledge to problem solving situations
(Kieran, 1990a).
Recommendations
With the goal of improving students' understanding of
algebra, recommendations have been made to decrease the
emphasis on computational skills and rote memorization of
facts (NACOME, 1975; NCTM, 1980, 1989).

The suggestions

call for more of a focus on concepts, such as variable and
function, and for increased attention to the development of
problem solving abilities.

Because of these considerations

and the desire to make the algebra curriculum more relevant
to the technological demands of m o d e m society, it is also
recommended that school programs take full advantage of the
power of calculators and computers to aid in the exploration
and solution of realistic problem situations.
The foregoing issues suggest the need for a thorough
reevaluation of the algebra curriculum in its content, its
instructional strategies, its methods of assessment, and its
balance of skills, understanding, and problem solving (Fey,
1984; Thorpe, 1989).

The use of technology is one factor

that will have a major impact on the design of the future
algebra curriculum.

Due mainly to the rapidly increasing

power and affordability of microcomputers, technology is
becoming a very prominent feature of the educational
landscape.

Computers offer powerful new approaches to
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traditional algebra problems and access to new kinds of
problems and methods (Fey, 1989).

Thus, we are faced with

an exciting opportunity and challenge in designing not only
how we teach, but also what we teach.
Recommendations range from extensions of the current
curriculum, utilizing various methods for teaching the
traditional topics more effectively, to a complete
restructuring of the entire curriculum (Fey, 1992).

There

is strong support (Fey, 1984; Heid, 1988; Heid et al., 1990)
for computer oriented algebra curricula which axe based on a
problem solving approach and which use the function concept
as the central organizing principle.
This study will implement one such innovative
curricular recommendation, Computer-Intensive Algebra. and
investigate its effects on students' understanding of
functions.

The following section provides a description of

this new curriculum and a comparison of it with traditional
algebra.
Computer-Intensive Algebra
Computer-Intensive Algebra (CIA) is an algebra
curriculum developed at the University of Maryland for the
purpose of improving algebra learning and problem solving
through the use of computer tools.

The project was intended

to address some serious deficiencies in student learning in
the traditional algebra curriculum.

The principal concerns

were that many students do not ever become proficient in the
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skills of traditional algebra and that even more do not
develop an understanding of algebraic concepts (Fey, 1992).
The CIA curriculum emphasizes mathematical models and
representations, variables and functions, and conceptual
rather than procedural knowledge.

The approach is to have

students explore realistic problem situations using the
computer as a tool for performing many of the details of the
problem solving process.

For example, the computer is used

to display graphs and tables of functions and relations, to
evaluate algebraic equations and expressions, to investigate
numerical relationships, and to do formal symbolic
manipulations (Matras, 1988).
In general, there are five major differences between
the CIA and TA curricula.

The first is the use of computers

and calculators by students in the CIA curriculum throughout
the course.

These are used as tools for studying graphs and

tables of values for functions, for evaluating functions,
for finding a best fit curve for data sets, and for symbol
manipulating.

Students in the TA curriculum do most of this

by hand and only occasionally use calculators for arithmetic
operations.

This places a severe limitation on the variety

and complexity of the examples that these students can
examine (Boers-van Oosterum, 1990).
The second difference is the CIA's use of problems with
a realistic context as opposed to the contrived problems in
TA.

CIA attempts to teach some specific problem solving
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techniques primarily through application problems that are
rich in context.

Furthermore, CIA spends considerable time

on quadratic, cubic, and other non-linear relationships
while TA focuses mainly on linear functions (Matras, 1988).
Third, students in the CIA curriculum are introduced to
the concepts of variable and function at the beginning of
the course.

Variables are represented as quantities that

change, and functions are described as relationships between
those variable quantities.

Variables and functions are then

used throughout the course to model and solve problem
situations.

The problems require the students to use and

relate different representations for functions, including
equations, tables, and graphs.

In contrast, students in the

TA curriculum generally do not study functions until much
later in the course; and then, the emphasis is on the
symbolic representation with much less attention being paid
to tables and graphs (Boers-van Oosterum, 1990).
The fourth difference is the emphasis placed on
conceptual as opposed to procedural knowledge in CIA.
Students are expected to model and interpret problem
situations and to determine the best use of the available
tools.

The goal is to have students learn meaningfully and

form concepts of variable and function that are rich in
relationships.

They do not study symbol manipulation until

the end of the course.

In the TA curriculum, various

procedures for solving equations or simplifying expressions

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

16
represent the main topics of the course with little emphasis
on concept development.

This is based on the assumption

that attainment of procedural knowledge will lead to
conceptual understanding and problem solving abilities
(Boers-van Oosterum, 1990); and yet, research has shown that
this is not necessarily true (Sims-Knight & Kaput, 1983).
Finally, the typical learning cycle in CIA classes is
much different from that in traditional classes.

The CIA

cycle consists of (a) introduction of a concept in a
realistic problem situation, (b) exploration of the problem
by pairs of students on the computer, (c) full class
discussion of the findings, (d) exercises to reinforce the
concept, and (e) a looking back activity or presentation.
In TA, the most common cycle is (a) review of previous work,
(b) presentation of new material, (c) class practice, and
(d) individual seat work (Boers-van Oosterum, 1990).
The cooperative learning aspects of the CIA curriculum,
alluded to in part (b) of its learning cycle, are worthy of
further elaboration.

There are some important benefits to

be derived from the collaboration that is fostered in the
CIA classroom.

Small group learning has been cited as being

an effective strategy for developing problem solving skills
and for preparing students for future careers in which most
projects involve collaborative efforts (Schoenfeld, 1987).
Because of the many ways in which the CIA curriculum
differs from the traditional algebra curriculum, students in
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CIA might be expected to achieve a different type of
learning from their TA counterparts.

Previous research has

shown that they become better problem solvers (Matras, 1988)
and develop a richer understanding of the concept of
variable, while achieving an equal level of skill
development (Boers-van Oosterum, 1990; Heid, 1988).

The

emphasis that the CIA curriculum places on the function
concept suggests a similar hypothesis about its effects on
students' understanding of functions.
examine the question:

Thus, this study will

"Do CIA students develop a richer

understanding of the function concept than TA students?"
In order to investigate this aspect of students'
understanding, this project first attempts to analyze and
define what it means to have a mastery of the function
concept.

Then, it examines the effectiveness of the CIA

curriculum in fostering students' construction of this type
of knowledge.

The analysis and definition of a conceptual

knowledge of functions is presented in detail in chapter 2.
The following section provides a general description of the
function concept and a discussion of some of the issues
concerning its position and treatment in the algebra
curriculum.
The Function Concept
The function concept is considered by many to be the
most important concept in all of mathematics.

In fact,

Schaaf (1930) referred to it as "the keynote of Western
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culture" (p. 500) .

It is also cin abstract and complicated

concept which has numerous associated subconcepts-

There

are several different representation systems used and many
levels of abstraction involved in the understanding of
functions (Dreyfus et al., 1990).
As mentioned previously, many mathematics educators are
recommending that the algebra curriculum be centered on the
concept of function (NCTM, 1992).

Their recommendations are

based on the widespread occurrence of functions in
mathematics and other disciplines and on their use for
modelling and solving real-world problems (NCTM, 1989).
Advocates also cite the suitability of function oriented
curricula for technological learning environments (Fey,
1984).
A primary issue relevant to the teaching and learning
of functions involves the definition used by teachers and
textbooks to introduce the concept.

Many educators claim

that the modern set-theoretic definition is too formal and
abstract for students, who tend to ignore or forget this
definition when solving problems (Tall & Vinner, 1981;
Vinner, 1983).

They argue that the historical definition,

as a relationship between variables, is more relevant and
meaningful to students as it capitalizes on their prior
intuitive function concepts (Dreyfus & Vinner, 1982; Malik,
1980).
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Another major issue in the understanding of this most
important construct is that of multiple representations.
Functions can be depicted using a variety of representation
systems:

the three most common being equations, tables, and

graphs (Fey, 1984).

Students need to be able to understand

information presented in these different formats as well as
to perform transitions among the various representations
(Schwarz, Dreyfus, & Bruckheimer, 1990).

According to Kaput

(1989), the knowledge of these different representation
systems and of the linkages between them can provide
students with a rich conceptual understanding of functions.
The overall findings from research studies involving
students in the TA curriculum, with its emphasis on the settheoretic definition of function, indicate that they develop
very limited conceptions about functions (Dreyfus, 1983).
Their conceptual knowledge lags far behind their procedural
knowledge (Boers-van Oosterum, 1990).

Furthermore, these

students have difficulty translating between the different
representations of functions (Schwarz et al., 1990), and
they are poor problem solvers (Kieran, 1990a).
Since the CIA curriculum differs dramatically from TA
in its treatment of functions, it offers the promise of
improving this situation.

Functions are introduced early in

the course with exercises that are intended to capitalize on
the students' intuitive functional concepts (e.g., "guess my
rule" problems).

The formal definition and notation of
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functions are presented later, with functions being defined
more in their historical sense.

Problem situations are

studied throughout the course which require the use of
functions and an understanding of their different
representations.

CIA's goal is to promote conceptual

development and reduce the emphasis on procedural knowledge.
It is reasonable to speculate that students in the CIA
curriculum will develop a richer and more meaningful
understanding of the function concept than students in TA.
At this point, however, it remains an open question whether
this approach actually results in a different or better
understanding of functions than the traditional approach.
The intent of this project is to implement the TA and CIA
curricula and examine this important hypothesis.
Research Questions
The particular research questions to be investigated in
this study are based on a theoretical framework designed to
characterize a conceptual understanding of functions.

This

framework was developed by the researcher and is presented
in detail in chapter 2 of this document.

It represents a

synthesis of the ideas of this author and of other
mathematics educators and researchers as expressed in the
literature on this topic.
One of the primary bases for this framework is the
theory proposed by Kaput (1989) for describing the four
sources of meaning in mathematics.

The first two sources,
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categorized as referential extension, include translations
between mathematical systems and translations between
mathematical and non-mathematical systems.
sources are referred to as consolidation.

The last two
The first of

these involves pattern and syntax learning which is
'accomplished via transformations and operations within a
representation system, and the second concerns the building
of conceptual entities through the reification of actions
and procedures.
Another important source for the proposed function
model is the Standards (NCTM, 1989).

According to the NCTM,

an understanding of the function concept involves the
ability to (a) model real world phenomena with functions,
(b) represent and analyze relationships using equations,
tables, and graphs, (c) translate between these three
different representations, (d) analyze the effects of
parameter changes on functions, and (e) understand
operations on and properties and behavior of certain
families of functions.
Based on an integration of these and other theoretical
positions on functions, this study will examine the
following questions relevant to the influence of the
curriculum on the students' attainment of the concept of
function.
1.

Are CIA students able to model real world phenomena
with functions better than TA students?
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2.

Are CIA students able to interpret equations,
tables, and graphs better than TA students?

3.

Are CIA students able to translate between the
different representations of functions better than
TA students?

4.

Are CIA students able to reify functions better
them TA students?
a)

Are they able to perform operations, such as
addition and composition, on functions better
than TA students?

b)

Do they know the properties of certain families
of functions, such as linear and quadratic,
better than TA students?

5.

Are CIA students able to perform operations and
transformations on algebraic formulas as well as TA
students?

All of these questions, with the exception of Number 5,
will be addressed by a pretest and a posttest designed
specifically for that purpose.

Question 5 will be evaluated

using the results of the departmental final examination
which is administered to all students enrolled in the
College Algebra course.

Also, two sets of interviews were

conducted with students from both curricula in order to
collect qualitative data as a supplement to the quantitative
results.

Additional instruments (attitude scales and

researcher designed questionnaires) were used to measure
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affective variables and to determine pertinent demographic
information.
Organization of the Study
A review of the literature is provided in chapter 2.
It focuses on functions and the use of technology in
mathematics education.

The section on functions provides a

description of some historical perspectives on functions, an
examination of the research results on functions, and a
detailed explanation of the proposed theoretical framework
describing a conceptual knowledge of functions.

This is

followed by a review of the literature on the use of
technology in the teaching of functions and a description of
some important projects in this area.

In particular, the

major goals, hypotheses, and themes of the CIA curriculum
are discussed in detail at that time.
Chapter 3 presents the methodology used during this
project.

It provides a complete description of the

subjects, the design of the study, the treatments, the
instruments, and the methods of data analysis.

In

particular, the characteristics of the two curricula are
thoroughly delineated in the section on the treatments.
Also included is a discussion of the weaknesses in the
design and the safeguards implemented to protect against the
potential threats to the validity of the results.
The basic design was to implement the CIA curriculum as
one section of the College Algebra course at Southeastern
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Louisiana University and to compare the results from this
class to the traditional sections of the same course.

The

tests on functions were given to the CIA class taught by the
researcher and to the students in two traditional section of
College Algebra, one taught by the researcher and one taught
by another instructor.

Attitude scales and sets of

researcher questions were also administered to these three
classes at the beginning and the end of the semester.
All sections of this course were required to take a
departmental final examination.

Since this examination

places a heavy emphasis on manipulative skills, it provided
a comparison of skill development between the CIA students
and their counterparts in the traditional algebra classes.
Additionally, subjects from the TA and CIA classes were
interviewed at the middle and the end of the course in an
attempt to probe more deeply into their conceptions of
functions.
Chapter 4 contains the analysis of the data collected
during the experiment.

It furnishes the results and

analyses of all of the questionnaires, attitude scales,
tests, and interviews.

It also includes some course

statistics and demographic information about the classes
which was deemed relevant.

In particular, the interview

subjects are described in great detail in this chapter.
Chapter 5 provides the conclusions and discussion of
the results obtained during this investigation.

There are
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also some remarks and general observations which were
considered to be of interest, although somewhat peripheral
to the stated goals of this research.

This is followed by a

careful examination of the threats and limitations of the
research.

Next, there is a discussion of the educational

implications of this project and its contributions in the
areas of theory, practice, and research.

The chapter then

concludes with some suggestions for future practice and
research.
Significance of the Study
This study offers significant contributions to the
mathematics education community in several different areas.
The first of these is the arena of the algebra curriculum
debate.

CIA represents a complete algebra curriculum which

incorporates many of the major new themes and approaches
recommended in the reform movement.

Principal among these

are a problem solving approach based on the modelling of
realistic problem situations, an emphasis on conceptual as
opposed to procedural knowledge, and the extensive use of
technology,

Thus, the results of this project contribute to

the knowledge and empirical evidence concerning the efficacy
of these innovations.
From a more focused perspective, this study has
important consequences for the CIA development project.
Previous research (Boers-van Oosterum, 1990; Matras, 1989)
has shown that CIA students are better problem solvers and
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have a better understanding of variable than TA students.
If CIA students also demonstrate a richer understanding of
the function concept, then this supports a justification of
its origination and encourages further research and
development of this new direction in algebra.
Another contribution of this project takes place in the
realm of theoretical knowledge about the function concept
and its acquisition by students.

This is a highly complex

area, but it is one of great importance in the algebra
curriculum.

The theoretical framework proposed in this

research provides a structure and organization for this
intricate web of information, and the results obtained here
can reveal valuable insights into both a conceptual
knowledge of functions and its development in the cognition
of students.
One additional feature of this study is the fact that
it was done at the university level.

CIA was originally

designed as a high school course, and the previous research
on its effectiveness was done at this level.

However, in

the opinion of this author and one of the project directors,
Dr. James Fey, it is appropriate for use as a college
course.

In fact, it may be even more effective here because

of the greater maturity of college students.

Thus, this

study not only examines a different algebraic concept than
previous research on CIA, it also extends that research to a
college-age population in a university setting.
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CHAPTER 2
REVIEW OF THE LITERATURE

Introduction
As noted in Chapter 1, the function concept is
considered by many to be one of the most important, if not
the most important concept in all of mathematics (Dreyfus &
Eisenberg, 1982; NCTM, 1989).

However, the traditional

algebra curriculum has been very ineffective at empowering
students with a conceptual knowledge of functions (Dreyfus
et al., 1990; Kieran, 1990a, 1990b; Sfard, 1989).

In

response, many educators and researchers (Fey, 1984; Kaput,
1989; Schwarz, Dreyfus, & Bruckheimer, 1990) have suggested
that technology offers us a powerful tool for remedying this
situation.
This review focuses on the function concept and on the
use of technology in the teaching and learning of algebra.
The section pertaining to the function concept contains the
following parts:

a description of some of the historical

perspectives of functions, an examination of the research
results about functions, and an explanation of the proposed
theoretical framework describing a conceptual knowledge of
functions.

The second section then reviews the ways in

which technology can best be incorporated into the
curriculum in order to assist students in obtaining this
type of understanding.
27
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The Function Concept
The concept of function is central to the algebra
curriculum and is the focus of this research study.

One of

the major features of this project is the proposed model for
characterizing a conceptual knowledge of functions.

Prior

to the presentation of this theoretical analysis, it is
appropriate to review some pertinent background information
and research results.

This should also provide insights

into the significance and treatment of functions in the
mathematics curriculum.
Historical Perspectives
Mathematical History
Vieta's symbolic algebra and the joining of algebra and
geometry allowed for the development of the modern day
concept of function.

The first formal definition of a

function was given by Bernoulli in 1718.

Later, Euler made

a very important contribution when he conceived of the
notion of dependent and independent variables in 1750.
Euler has also been credited with the introduction of the
notation f (x) , and he was the first to give functions an
explicit and central role in his work in calculus (Kleiner,
1989) .
At that time, functions were represented by algebraic
formulas and were mainly considered to be input-output
procedures for computing one magnitude from another.

In

1830, Dirichlet formalized this concept as a relationship
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between numbers; and one hundred years later, Bourbaki
defined it as a correspondence between sets (Kieran, 1990a).
According to Kleiner (1989), the evolution of this
concept can be viewed as a tug of war between two elements
or two mental images.

The first is the geometric, which is

expressed via a graph; and the second is the algebraic,
which is expressed by a formula.

Later, a third element,

the "logical" definition of function as a correspondence
between sets, gained prominence and caused the gradual
abandonment of the geometric conception.
Leinhardt, Zaslavsky, and Stein (1990) note that the
algebraic and graphical representations are two very
different symbol systems which jointly construct and define
functions.

These two systems can contribute to the

development of understanding as well as be a source of
confusion for students.
Educational History
In 1902, E. H. Moore gave a presidential address to the
American Mathematical Society in which he adopted Klein's
idea that the function concept be used to unify the
curriculum.

Moore believed that this concept would show

students the practical importance of mathematics.

However,

his speech was received with much skepticism and had little
effect on what was being taught.

A similar response was

given to the 1923 report of the National Committee for
Mathematics Reform which said that the function concept was
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the best single idea for unifying the curriculum.

The

committee based their conclusion on the universality of the
occurrence of functions in mathematics and other sciences.
Some changes in the curriculum began to be seen in the
1930's and 40's, due mainly to the influence of gestalt
psychology and the progressive educators.

The gestalt

psychologists stressed meaning and understanding in
mathematics, and they believed that the use of broad
unifying concepts was the best way to achieve this.

The

progressive educators, most notably Dewey, advocated a
child-centered curriculum with unifying concepts for
transfer (NCTM, 1970).
The biggest shift in the curriculum came in the 1960's
with the advent of "new math."

Based mainly on the

psychology of Bruner, the entire mathematics curriculum was
to be restructured to achieve psychologically appropriate
instruction.

Mathematics was to be presented in a formal,

structured way throughout the curriculum with general
concepts, such as function, serving to unify the different
topics.

However, the implementation was very ineffective;

and the "back to the basics" movement dominated mathematics
education in the 1970's (Schoenfeld, 1987).
In the current mathematics curriculum, functions have
risen to a position of prominence.

Malik (1980) explains

that the increased demand for the calculus course in the
1960's and 1970's made the function course the most
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important and fundamental in secondary school mathematics
programs.

Dreyfus & Eisenberg (1982) note that the function

concept is one of the most central topics in mathematics and
that it serves to unify algebra, geometry, and trigonometry.
Presently, the Standards (NCTM, 1989) stresses the
importance of unifying concepts and calls for the function
concept to be the central organizing principle for secondary
and higher mathematics curricula.

The NCTM recognizes the

incidence of functions in all mathematical topics and their
use for modelling real world situations.

Thus, functions

are a key ingredient in problem solving which is to be the
major focus of mathematics instruction in the 19907s.
Research Results
Leinhardt et al. (1990) propose a general framework for
organizing the research results relevant to functions and
graphs.

This section follows and expands upon their model

for examining the literature in this vital area.

Included

here are research and theory from various disciplines, such
as mathematics, mathematics education, and cognitive
psychology.

The following three perspectives will be used

to consider the research:

(a) analysis of the tasks and

their presentation (Task), (b) consideration of the learner
and the development of understanding (Learning), and (c)
consideration of how these topics are taught in classrooms
and in computer environments (Teaching).

Each of these

perspectives is further subdivided as indicated in Figure 1.
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Task
The -tasks to be performed can be analyzed in four
different areas.

They are as follows:

(a) the action to be

taken by the student, (b) the situation or context of the
problem, (c) the variables to be used, and (d) the focus or
location of attention for a specific task.
Action.

In general, the actions required in problems

involving functions and graphs entail either interpretation
or construction.

Interpretation tasks call for students to

provide some meaning to a graph, a table, an equation, or a
problem situation.

For example, students could be asked to

make predictions based on observations about patterns; or
they could be expected to identify and classify functions
according to their properties.

Construction tasks involve a

more active process in which something is generated or
produced, such as a graph from a formula.
Markovits, Eylon, & Bruckheimer (1988) present a
similar scheme for functions and the tasks required.

They

describe an active and a passive stage for each of the
components in their model for understanding the function
concept.

The passive stage requires some type of

classification or identification, while the active stage
requires the student to do something or to give an example.
The first component in this scheme consists of (a) the
ability to classify relations into functions and non
functions (the passive stage), and (b) the ability to give
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examples of a relation that is a function and one that is
not (the active stage).

For the second component, the

student should be able to (a) identify preimages, images,
and (preimage, image) pairs; and (b) find the image for a
given preimage and vice versa.

The third component is

comprised of (a) the ability to identify equal functions,
and (b) the ability to transfer from one representation to
another.

Last, the student should be able to (a) identify

functions satisfying given constraints, and (b) give
examples of functions satisfying given constraints.
According to Markovits et al. (1988), students
generally have difficulty with the terms image, preimage,
domain, and range.

They tend to ignore the domain and range

(i.e., assume that domain = range = all real numbers), and
they think that every function is linear.

In this study,

Markovits et al. also conclude that it is easier for
students to understand functions given in graphical form
rather than algebraic form.

Their reasoning is that graphs

are more visual and present a visual impression of the
behavior of the function.

However, this finding will be

contradicted by other studies cited later in this chapter.
Another kind of task associated with functions is one
that requires a movement from one type of representation to
another.
1987).

These are often called translation tasks (Janvier,
Many mathematics educators (Fey, 1984; Kaput, 1989;

and Schwarz et al., 1990) describe the three core
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representational systems in which binary relations, such as
functions, can be represented by equations, tables, or
graphs.

According to Kaput, these systems can support the

building and relating of cognitive structures.

He says that

mathematical understanding consists of an integration of
different pieces of information into a web of linked
representations.

The sources of meaning are the physical

and mental representations of constructs and the
relationships between them.

Therefore, the problem of

teaching and learning algebra involves student construction
of their own personal mental representations from the
various physical representational systems in algebra.
Some of these tasks require the construction of a graph
from data or from an algebraic formula, or vice versa.
While all translations have been shown to present conceptual
difficulties for students (Schwarz et al., 1990), the
direction from graph to equation is generally considered to
be the most troublesome.

According to Janvier (1987), there

are different cognitive processes involved here, depending
on the directionality of movement; but the translation from
graph to equation is logically the most difficult.

Also,

this is the direction that receives the least attention in
traditional algebra classes.

The usual sequence is from an

algebraic formula to a table of values to a graph.
Research (Boers-van Oosterum, 1990, Yerushalmy, 1988)
generally supports this hypothesis and shows that students
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have more difficulty going from graphs to equations rather
than vice versa.

However, there is one study that presents

a somewhat different viewpoint.

Markovits, Eylon, &

Bruckheimer (1986) agree that this is true when the function
is a familiar one; but they claim that both directions are
equally difficult for unfamiliar functions (e.g., functions
defined piecewise).
Other tasks involve interpreting graphs in various
ways.

Graphs can be interpreted on a local basis, regarding

individual points, such as maxima or minima; or they can be
examined on a global basis, such as their general shape or
the intervals of increase and decrease.

According to Norman

(1992) and others (Goldenberg, 1988; Yerushalmy, 1988),
students generally are not able to interpret graphs; and
they have limited understandings of the link between a graph
and its symbolic representation.

Swan (1982) points out

that students rarely see graphs other than straight lines
and get little practice at interpreting graphs in terms of
realistic situations.
Computer environments allow students to be less
involved with the point-by-point quantitative details of a
graph, thereby freeing them to concentrate on the more
global qualitative features.

Also, these environments can

demonstrate the connections between the algebraic rule and
its.graph; and they allow for more complicated graphs
representing real-life situations.
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There are several other types of tasks encountered in
the literature.

Some require a prediction on the part of a

student, either about a part of the graph not shown or about
a formula.

One example of such a task is Guess Mv Rule

(Davis, 1982; Dreyfus & Eisenberg, 1983; Swan, 1982).
Prediction tasks can be difficult to test since they often
have no one right answer.

Another kind of task is a

classification task (Markovits et al., 1986), which is often
used to study students' concept images (Vinner & Dreyfus,
1989).

Finally, there are scaling tasks which are of

particular importance in computer environments (Confrey &
Smith, 1991; Demana & Waits. 1990).
Situation. The situation of the task refers to both
the physical setting in which the task is assigned and the
context of the problem.

The mathematics classroom is the

usual setting for these tasks, but students are also exposed
to functions in their science classes.

Markovits et al.

(1986) investigated the possible interaction between these
two settings in which functions are defined and used
differently.

They found that the high ability students were

more successful with the pure mathematics problems, whereas
the low ability students were better with the problems
embedded in a scientific context.
Even within the mathematics classroom, the approach is
often to use real-world applications.

However, the primary

purpose in this setting is not to teach these applications.
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Rather, it is to foster the student's understanding of the
underlying mathematical concepts, as well as to increase
motivation and make the learning more relevant.
Another setting appropriate for function tasks is a
microworld, in which the student can manipulate and explore
an artificial reality.

Papert (1980) envisioned that giving

students access to rich microworlds is conducive to their
developing powerful ideas.

One such example is Green Globs

(Dugdale, 1982), a computer program which enables students
to explore the graphing of equations.
motion modeler, Math Cars.

Another is Kaput's

This is a computer simulation in

which the student manipulates the car, and the computer
graphs the position and velocity versus time.

According to

Kaput (1991), the continuous differential feedback provided
by this program allows for learning similar to natural
learning.

Rubin & Nemirovsky (1991) claim that such

computer enhanced learning environments can help students to
construct webs of related concepts from their prior
intuitions, implicit knowledge, and the experimental
situation.
In addition to motion problems, another very common
contextualized situation is growth, such as population
growth or the growth of money in a savings account.

The

assumption is that it is easier for students to deal with
familiar as opposed to abstract situations.

However,
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students can sometimes be distracted by superficial or
irrelevant features of familiar situations (Janvier, 1981).
Variable.

The concept of variable is fundamental to

algebra and a prerequisite to the understanding of functions
(Leinhardt et al., 1990).

Variables can be interpreted from

a static approach as a generalized number, such as those
used in an algebraic identity; or they can be conceived in a
more dynamic sense, as measurable quantities that change
(Boers-van Oosterum, 1990; Usiskin, 1985).

When using

variables to describe relations, students must consider the
domain of at least two variables as well as the relationship
between them.

However, students tend to ignore the domain

and range and think of all functions as algebraic formulas
defined for all numbers (Markovits et al., 1988; Norman,
1992).
Focus.

This refers to the location of attention within

a particular task.

Focus is a complex construct, and it can

be a difficult issue in functions and graphs.

Some reasons

for this are that there are many places to focus and the
location of this focus can shift within a task (e.g., from a
point on a graph to the shape of the entire graph).

Also,

there are usually not many cues to help the student find the
most appropriate location of focus (Leinhardt et al. 1990).
Learning
Intuitions.

Dreyfus & Eisenberg (1982) describe

intuitions as mental representations of facts that appear to
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be self evident.

Schoenfeld (1987) says that each student

builds his/her own interpretive framework of reality.
Students are not blank slates but possess their own system
of beliefs and intuitions based mainly on their past
experience.
Relevant to functional relationships, Piaget reported
that children have an implicit understanding of function as
early as age 3 1/2.

He said that children begin to

understand and expect empirical dependencies as a result of
their actions.

These dependencies are essentially

qualitative at this early stage of development, and they are
gradually transformed into quantitative functions (Piaget,
Grize, Szeminska, & Bang, 1968/1977).
Other researchers (Greeno, 1988; Russell & Friel, 1989)
have studied the intuitions of students in relation to
functions.

In general, their studies agree that students

comprehend functional dependencies and work with them in a
variety of domains.

For example, students understand that a

variable can take on different values, and that the values
of one variable are dependent on and can be inferred from
the values of another variable.
Dreyfus & Eisenberg (1982) conducted a study on
students' intuitions about functions.

They reported that

these intuitions grow as the students progress through the
grades.

Also, there was no evidence of sex differences in

this area.

They found that high level students have more
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correct intuitions them low ability students, and that
intuitions in concrete situations are more often correct
than those in abstract ones.
Host of these studies recommend that the teaching of
functions should capitalize on the intuitions and prior
experience of students.

Following this, the discussion

progresses to the best way to introduce functions into the
curriculum.

The central issue here is that the modern

definition of function, as a correspondence between sets, is
too abstract for students.

The older definition, as a

relationship between variables, is more familiar and
situation based.
Difficulties and Misconceptions.

Several researchers

(Markovits et al., 1986; Vinner & Dreyfus, 1989) have shown
that students have difficulty classifying relations into
functions and non-functions.

Overall, the findings show

that students tend to have an overly restrictive view of
what formulas and graphs should be in order to qualify as
functions.

For example, some students only identified

linear graphs as functions.

Others demanded that a graph be

"reasonable" (i.e., continuous, symmetric, etc.) in order to
represent a function.

Formulas were either expected to be

given by one rule, or they could be defined by several rules
if the domains consisted of half lines or intervals.

Some

students thought that functions (not algebraic) existed only
if mathematicians officially recognized and labelled them.
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Vinner (1983) claims that students may know the formal
definition of a function but not apply it in classification
problems.
situations.

Rather, they use their "concept image" in these
This concept image is described as a set of

mental pictures associated in the student's mind with the
concept name, together with all of the properties that
characterize them.

It is formed on the basis of the concept

definition and on the student's past experience with
examples and non-examples of functions.
In general, teachers expect that the presentation of
the formal concept definition together with a few examples
will lead to the formation of appropriate concept images by
students.

However, students often form incorrect images in

response to this definition and to their experience both in
and out of the classroom.

Vinner's research has shown that

many student learning difficulties occur when there are
discrepancies between the formal definition of the function
concept, the student's definition, and the student's concept
image (Vinner & Dreyfus, 1989).
Malik (1980) points out that students' concept images
are more consistent with the historical understandings of
functions.

For example, discontinuous functions, functions

with split domains, and functions with exceptional points
have only been recognized as functions since the adoption of
the current set-theoretic approach.

This modern definition

of functions is criticized by many mathematics educators
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(Dreyfus & Vinner, 1982; Malik, 1980) for being too abstract
for students and not talking advamtage of any of their prior
experiences or intuitions about functional relationships.
They argue that the older definition of a function as a
relation between variable quantities is more relevamt aind
accessible to students.
The notion of a function as a correspondence between
sets causes other difficulties for students.

For instance,

many students think that only one-to-one correspondences are
functions.

This is perhaps a result of their experience,

which is mainly with lineair functions (Leinhairdt et al.,
1990).

Also, there is considerable confusion about manv-to-

one and one-to-many correspondences.

In fact, the constant

function, which would seem to be one of the easiest ones to
understand, is reported to be a problem for many students
(Markovits et al., 1988).
Malik (1980) also claims that the most commonly used
pedagogical approach, with its emphasis on the set-theoretic
definition of function, ignores the future needs of most
students.

He claims that the definition of a function as a

relation between variables is all that is required for the
great majority of students who will not pursue any
mathematics courses beyond calculus or pre-calculus.

His

argument is that a definition of a function as a rule of
correspondence between sets of real numbers is needed for
courses in analysis and that a set-theoretic definition with
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domain and range is necessary for the study of topology.
Therefore, he recommends the teaching of a simpler
definition of function at the lower levels with the more
rigorous definition being postponed until the beginning of
these more advanced courses.
Another very common finding in this area is the
students' attachment to linearity, an attachment which often
persists into the college years (Schwarz et al., 1990).
Students tend to gravitate toward linear functions in a
variety of problem situations, such as constructions or
translations.

This affinity for linearity may be partially

explained by the fact that linear functions are usually the
first ones to which students cure introduced as well as the
ones most frequently used as examples.

The prevalence of

linear functions in the curriculum probably also forms the
basis for the tendency on the part of students to
overgeneralize their properties to other families of
functions.
As mentioned previously, students have conceptual
difficulties with the different representational systems of
functions; and they have problems with the transitions
between these representations.

Schwarz et al. (1990) expand

upon these results to conclude that students demonstrate a
"lack of integration" of knowledge.
includes the following:

They explain that this

(a) a compartmentalization of

knowledge (constrained by context), (b) a lack of transfer
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between representations, (c) a dissociation of procedural
and conceptual knowledge, and (d) an inability to conceive
of a function as an object.
There is much evidence in the literature that
technology can help students with many of these difficulties
and misconceptions.

Computer environments make it easier to

expose students to more complicated families of functions,
which should reduce their attachment to linearity (Schwarz
et al., 1990).

Also, computer technology is an excellent

tool for translation tasks because of the computer's ability
to generate graphs and tables quickly and easily.

Students

can see the results of changing parameters in the different
representations of functions, and this kind of exposure
should help them to form the links between the systems
(Kaput, 1989).
There are several examples of difficulties that
students have in reference to reading and interpreting
graphs.

Students often view a graph as a literal picture of

a situation, and this causes errors in interpretation.
Another source of misinterpretations by students is their
tendency to focus on individual points or groups of points
rather them to attend to more global attributes, such as the
general shape of the graph or the intervals of increase and
decrease.

This can cause them to confound graphical

features such as slope and height.
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For example, Bell & Janvier (1981) reported the
following.

When students were presented with position-

versus-time graphs and asked questions such as "When was the
object travelling the fastest?", they responded by giving
the time corresponding to the maximum point rather than the
maximum slope.

Technology offers promise in this area

because it can free students from the details of graphing,
thus allowing them to concentrate more on the global
patterns (Fey, 1989).
Goldenberg (1988) studied some of the problems that
students have with the graphical notation used to represent
functions.

He found out that constructing a set of axes,

properly scaled and labelled, is not a trivial task for
students.

Demana and Waits (1990) consider the issue of

scaling to be of primary importance, and they have called
for a major shift in instructional emphasis to include an
understanding of the effects of scaling.
The notation used to represent functions can also be a
source of difficulty for students.

The algebraic notation,

f (x), is frequently misinterpreted by students as indicating
multiplication.

This leads to mistakes such as multiplying

functions when attempting to perform composition, as in
f(9(x)), or reducing expressions like sin x/cos x to sin/cos
by canceling out the x's.
Interpretations. A common theme throughout the
literature on functions is the finding that students tend to
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bypass the more formal definition and representation of
functions and interpret them as procedures for computing one
magnitude from another (Kieran, 1990b).

Sfard (1987) and

others (Schwarz et al., 1990) agree that students conceive
of a function as a process and not as a static construct.
There is a general consensus that students can learn the
procedures involved with functions, but they have only
partial success in achieving the process of abstraction
(Dreyfus & Eisenberg, 1987).

Their inability to think of a

function as an object (reification or objectification)
causes them to have problems with operations on functions,
such as composition.

This process of reification represents

the final stage in the acquisition of the function concept
as described by Thomas (1975), and it is very difficult to
achieve.

Whereas mathematicians see the function concept as

a single, structured entity, most students do not ever reach
this level of conceptual understanding (Dreyfus, Artigue,
Eisenberg, Tall, & Wheeler, 1990).
Teaching
This section on teaching naturally encompasses all of
the issues that have been previously discussed.

The

teaching of functions and graphs depends on the structure of
the domain as well as the cognitive issues of student
understanding.

Additionally, the role and influence of the

teacher and the instructional approach are important issues
in this regard.
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Teacher.

There are several factors related to the

teacher which can exert a powerful influence on the
students' understanding of mathematical concepts, such as
functions.

These factors include the subject matter

knowledge and beliefs of the teacher as well as the examples
and explanations which the teacher provides in support of
those concepts.
Norman (1992) reviewed the research on teachers'
knowledge of functions and their graphs.

He concluded that

the teachers' knowledge and beliefs about these concepts
were not very different from those of post-secondary
students.

While referring to the teachers' behavior as the

process which determines the students' behavior as the
product, he argued that the content knowledge and beliefs of
the teacher are key factors in shaping the students'
understanding of these mathematical concepts.

He also found

that teachers reported that the hardest courses to teach
were the ones that required an extensive understanding of
functions.

Although teachers classified the interpretation

of graphs as important, they rated a knowledge of algebraic
functions as less important.
Even (1988) did a study pertinent to this topic with a
group of prospective secondary school teachers.

She came to

the following conclusions based on their responses to her
questionnaire.

As a result of the instruction they had

received in their mathematics classes, with its emphasis on
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the set-theoretic definition of function, these prospective
teachers had a limited view of functions as equations only,
were unable to make sense of the modern definition of
function, and could not relate solutions of equations to
values of corresponding functions on a graph.
As mentioned earlier, another issue in the teaching of
functions concerns the explanations and examples provided by
the teacher.

These are very important ingredients in

mathematics instruction, even in a constructivist
environment.

In fact, Leinhardt et al. (1990) refer to the

selection of examples as "the art of teaching mathematics”
(p. 52).

Examples can serve to enhance meaning, clarify

constructs, and highlight logical interrelationships (Even &
Ball, 1989).

Krabbendam (1982) stresses the fact that all

explanations should build from the students' knowledge.

An

area in which extensive teachers explanations are
particularly needed is the links between the graphical and
algebraic representations of functions and their properties
(Schoenfeld, Smith, & Arcavi, 1993).
One of the main goals of instruction in algebra is to
help students form powerful conceptions about functions and
graphs.

According to Leinhardt et al. (1990) , the task of

the teacher is to foster the students' development of
meaningful ideas relevant to the following:

(a) the notion

that functions establish relationships between changeable
quantities; (b) the value of graphs in displaying certain
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aspects of those relationships; (c) the links between the
algebraic and graphical representations of functions and
their properties; and (d) the connections between the
informal, intuitive, and qualitative functional
relationships of the students7 experience and the explicit,
formally defined functions in mathematics classes.
Instructional approach. The first responsibility of
instruction on the topic of functions is to select the point
of entry.

Before students begin algebra, they have already

had considerable intuitive experience with functional
relationships in their arithmetic and science classes as
well as in their everyday lives (Kieran, 1990b). Many
researchers (Dreyfus & Eisenberg, 1982; Vinner & Dreyfus,
1989) suggest that the teaching of functions should
capitalize on this prior knowledge and intuitions.

However,

this is not done in the usual approach to introducing
functions.

The most common approach is to begin with the

formal set-theoretic definition using the algebraic
representation.

This is followed by invoking ordered pairs

and then extended to tables and graphs (Verstappen, 1982).
As has been pointed out earlier, students tend to ignore or
forget this formal definition and think of functions
procedurally.
The choice of entry points is also a central issue in
the instructional sequencing of topics.

Once this point has

been established, there are some generally agreed upon
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heuristics about the sequence to follow.

Normally,

instruction should move from the informal to the formal,
from the concrete to the abstract, and from the intuitive to
the explicit and rigorous (NCTM, 1989).
Sfard (1989) recommends that educators capitalize on
the procedural abilities of students in teaching functions.
Her idea is to introduce functions as procedures and then
gradually make the transition to a more structural approach.
In her study, she followed a sequence which begins with
functions defined as algorithms, then as the products of
algorithms, and later as building blocks for ocher
functions.
Other mathematics educators and researchers interested
in this area (Confrey & Smith, 1991; Fey, 1989) recommend a
more direct conceptual strategy.

This usually consists of a

problem solving approach, initiated by realistic problem
situations for the students to analyze and explore.
Frequently, this is performed with the aid of various
technological tools, which assist students in generating
data from real-world situations, organizing it, and
producing graphs.
There are some other approaches that are worthy of
mention here.
Mv Rule (1982).

One of these is exemplified by Davis' Guess
In this approach, the emphasis is on

building up the students' intuitive sense of rule and
function, without starting from a formal definition.

Graphs
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are developed independently and linked up at a later point.
Another option, which has not yet been explored very
extensively, is the use of qualitative graphs as a starting
point, for example, Krabbendam (1982).

Qualitative graphs

represent covarying variables that have quantity but rarely
any scale.
Summary
This review gives an indication of the complexity of
the function concept with its related subconcepts, multiple
representations, and different levels of abstraction.

The

research on functions provides many important insights and
suggestions in this domain.

Throughout the literature,

there are powerful arguments that the teaching of functions
should employ a problem solving approach based on the
exploration of realistic situations.

Also prevalent is the

contention that the mo dem definition of functions is too
formal and abstract for students and should be deemphasized.
Instead, functions should be defined and developed in ways
that capitalize on students' intuitions and prior training.
Furthermore, examples and explanations should include more
complex, non-linear families of functions.
Another recurrent theme found in the literature on
functions is the importance of translation tasks for helping
students to establish the links between the different
representation systems.

These tasks make different

cognitive demands of the student depending on the
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directionality of movement.

Also, assignments involving the

interpretation of graphs are strongly recommended,
particularly those requiring attention to qualitative,
global features.
There is widespread agreement that students have an
overly restrictive concept image of function, and that they
are strongly attached to linearity.

Furthermore, it is

agreed that most students are able to learn the procedures
involved with functions, but they have limited success in
achieving the process of abstraction in relation to this
concept.
Computer environments are being advocated by many
mathematics educators and researchers as offering the best
promise for improving the teaching and learning of
functions.

Technology can provide students with the

opportunity to explore more realistic problem situations
because of the computer's ability to easily handle complex
examples.

This should also help to reduce students'

attachment to linearity and expand their concept images.
The graphing capabilities of computers can assist students
in discovering what parameters are, in seeing the effects of
changing them, and in drawing whole families of curves on
the same set of axes.

In these and other ways, technology

can make the linkages between the various representations
more accessible to students, thus helping them to see
relationships and form webs of information.
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Theoretical Framework
In this section, a theoretical framework is proposed
that describes the students' understanding of the function
concept as it will be analyzed in this study.
of a theoretical basis and a function model.

It consists
As Kaput

(1989) says,
There is no absolute meaning for the mathematical word
function, but rather a whole web of meanings woven out
of the many physical and mental representations of
functions and correspondences among representations.
(p. 168)
The framework proposed here is an attempt to impose
some structure and organization onto this complex web of
meanings that is the function concept.

It represents a

synthesis of the ideas of the researcher and other
mathematics educators and researchers as ejqpressed in the
literature on this topic.

The major theoretical sources for

the model presented in this document are Fey (1992), Kaput
(1989), and the NCTM (1989).

Also, Janvier (1987) expresses

ideas similar to some of those used in a part of this model.
However, his scheme is not geared specifically toward
functions; and it is represented in a much different way
diagrammatically.
Rooted in a problem solving environment, the proposed
function model is formulated in terms of the uses of
functions for solving problems.

The focus of this model is
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on the following two elements:

(a) the establishment of

linkages between different representation systems, both
mathematical and non-mathematical and (b) consolidation
within a system.

These two categories are described more

fully in the following discussion of the theoretical basis
for the model.
Theory
Thompson (1985) says, "The essential feature of
constructing mathematical knowledge is the creation of
relationships, and creating relationships is the hallmark of
mathematical problem solving" (p. 190).

Kaput (1989)

describes the problem solving process as a cyclical one in
which one reads a description of a situation, builds a
cognitive representation of that situation describing
certain features of the quantitative relationships involved,
and then projects this representation onto an external
representation.

Since functions are the mathematical tools

used to describe the relationships between variable
quantities, they are at the core of the mathematical problem
solving process.
Kaput (1989) also describes four sources of meaning in
mathematics, which he divides into two complimentary
categories.

The first category is called referential

extension and is accomplished via (a) translations between
mathematical representation systems and (b) translations
between mathematical and non-mathematical systems, such as
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physical systems or natural languages.

The second category,

named consolidation, consists of the following:

(a) pattern

and syntax learning through transforming and operating
within a representation system and (b) building conceptual
entities through reifying actions and procedures, so that
they can become objects for new actions and procedures at a
higher level.
Function Model
This model is proposed as a delineation of a conceptual
knowledge of functions.

It is comprised of four component

competencies as follows:

(a) modelling, (b) interpreting,

(c) translating, and (d) reifying.

These four components,

together with an associated set of procedural skills, are
described below.
Modelling. As shown in Figure 2, the process of
mathematical problem solving involves a transition from a
problem situation to a mathematical representation of that
situation.

This process entails the use of variables and

functions to form an abstract representation of the
quantitative relationships in that situation (Fey, 1992).
The ability to represent a problem situation using functions
is the first component of an Tinderstanding of the function
concept, and it will be referred to as modelling for the
purposes of this study.
This modelling component can be divided into a number
of subcomponents depending on the representation system used
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to model the situation.

The three most commonly used

representations for functions are equations, tables, and
graphs (see the section on translating for a more thorough
discussion of these three systems).

For example, a task

could require students to compute pairs of values or to
sketch a graph corresponding to a particular situation.

Realistic Problem Situation

Modelling

Interpreting

Algebraic Representation

Figure 2. . Translations between the real world and
algebraic representation.

Interpreting. The reverse procedure is the
interpretation of functions (Fey, 1992) in their different
representations in terms of real-life applications (see
Figure 2).

This ability, labelled interpreting, will be

considered the second component of a conceptual knowledge of
functions.
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This component can also be analyzed at a finer grain
size and partitioned into subcomponents.

These would again

correspond to each of the three main representation systems
for functions.

Within this category, the reading and

interpreting of graphs would be a particularly important
competency.

Furthermore, problems could require students to

make different types of interpretations or to focus on
different aspects of a graph, for example, individual points
versus more global features.
Translating.

As mentioned previously, the mathematical

model may be represented in various ways within the
algebraic representation system.

The three forms that are

most commonly used are (a) symbolic - equations or formulas,
(b) tabular - pairs of values for the related variables, and
(c) graphical (see Figure 3).

Verstappen (1982) refers to

these as the algebraic, arithmetic, and geometric categories
for recording functional relations using mathematical
language.

The ability to move from one representation of a

function to another, or translate, is the third component in
the function model.
Each of these systems has its advantages and
disadvantages.

Tables display discrete, finite samples;

whereas graphs display continuous, infinite samples, and
thereby provide a fuller presentation.

Graphs can be very

helpful in consolidating a quantitative relationship into a
single graphical entity, but they also can be misleading if
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visual knowledge from everyday life is applied to them.
Equations are very effective at showing the procedural
aspects of functions and displaying certain features of the
relationship between the variables (Kaput, 1989).

Equations

Graphs

Figure 3.
functions.

Tables

Three core representation systems for

The advantages of technology are particularly evident
for this translating component.

A variety of technological

tools are available which provide new dynamic linkages
between the different notations used for functions.
Computers have the power to display multiple linked
representations in which the counterparts of actions taken
in one notation are immediately exhibited in others.

For

example, the students can manipulate an expression, and the
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computer can simultaneously display the consequences on the
graph.
Because of these kinds of computer applications, Kaput
(1989) argues that the "new technologies may help redress
the semantic/conceptual balance without giving up
syntactic/procedural power" (p. 176).

Furthermore, he

claims that this cognitive linking of representations may
help to provide webs of referential meaning that is missing
from much of school mathematics; and it may also generate
the cognitive control structures required to traverse those
webs.

This will enable students to tap the real power of

mathematics as a personal intellectual resource.
Reifying.

The final component in the theoretical model

for functions is reifying.

This can be defined as the

conceiving of a function as an abstract mathematical object.
Reification has been described as the final stage in the
acquisition of the function concept (Thomas, 1975); and it
is considered by many researchers (Dreyfus et al., 1990;
Kaput, 1989; Kieran, 1990a & 1990b; Sfard, 1989; Tall, 1987)
to be the ultimate goal for students in this domain.

At

this level of understanding, a function is perceived as a
single entity which possesses certain properties and which
itself can be operated on by other procedures.
Reifying is a very difficult process, and very few
students ever achieve this conceptualization of functions
(Sfard, 1989).

The educational recommendations in this
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regard are that the use of multiple linked representations
in computer environments offers the most promise for helping
students to reach this level of abstraction.

Theoretically,

this is reasonable; but research has shown only partial
success in this area.

For example, Dreyfus & Eisenberg

(1987) admit to having only limited success with the
mathematical microworld Green Globs, a result that they
attribute to the inherent difficulty involved in
reification.

However, they speculate that longer and more

systematic exposure to multiple linked representations of
mathematical objects will have a clearer effect.
Procedural Skills. Associated with these four
components describing a conceptual knowledge of functions is
a set of procedural skills.

These skills consist of

transformations and procedures which allow students to
operate within the domain referred to in this framework as
the algebraic representation (see Figure 1).

This is the

primary area of concentration for the traditional algebra
curriculum.

It occupies most of the TA students' time as

they attempt to learn a variety of symbol manipulation
skills.

Nevertheless, many students do not master these

skills; and many more do not develop an understanding of the
concepts or how to use them to solve realistic problems.
Technology
Most educators agree that technology will continue to
become an increasingly prominent feature in the educational
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landscape of the future.

This fact requires that we strive

to learn how to make optimum use of this new resource in our
schools.

As we attempt to direct the use of computers in

the mathematics curriculum, and more specifically in the
teaching and learning of algebra, there are some major
questions that must be addressed.

For example, how do we

concentrate on the algebra of the future as well as the
algebra of the past and present?
symbol manipulators?

What is to be the role of

They can handle the syntax of a

problem, but the user must understand the semantics.

How do

students use multiple linked representations, and how do
they conceptualize the relationships between the different
representations?

What are to be the new roles for teachers

and for students?

What new challenges and responsibilities

will each of these groups face?
ReCQTmnenriati n n s

As the mathematics education community has grappled
with these and other issues relevant to the role of
technology in the curriculum, some generally agreed upon
recommendations have emerged.

One widespread belief is that

computers should be used in a constructivist environment in
which the student is actively involved in and responsible
for the process of learning.

In such an environment,

technological tools can assist students in the exploration
of realistic problem situations, a process which would
hopefully lead to the development of an intellectual
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partnership between student and machine.

Also, students

would benefit from the social interaction which occurs while
they are collaborating on the computer.
Another suggestion is that computers should be
integrated into the curriculum and not taught as a separate
subject.

Finally, they should be present in every classroom

and used productively within the various subject areas in a
parallel manner.
Recommendations more specific to the teaching and
learning of algebra normally fall into one of two main
categories, distinguished by whether their emphasis is on a
procedural or a conceptual approach.

Some mathematics

educators (Sfard, 1989) stress the use of computers to
emphasize procedures, with a gradual and explicit transition
to more structural and conceptual knowledge.

They argue

that this will help students to develop a strong procedural
basis for the abstractions that will come later.
Support for the use of technology in this type of
approach can be found in the

Curriculum

and

Evaluations

Standards for School Mathematics by the National Council of
Teachers of Mathematics (1989).

Also, The National Task

Force on Educational Technology (1986) offers some more
generalized support by its recommendations that computers be
used to teach basic skills.

Their recommendations are based

on the ability of the computer to provide an individualized
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pace, give immediate feedback, and promote active student
participation in the learning process.
Other researchers and educators (Fey, 1992; Kaput,
1989) are in favor of a more direct conceptual approach.
They generally advocate the use of computers, with dynamic
linking of notations, to show multiple representations of
mathematical concepts such as functions.

They argue that

new technologies, for example, symbol manipulators or
intelligent tutors, can provide powerful learning
environments for concept development.
Proi ects
There are some exciting projects, either recently
developed or in the process of development, which are aimed
at the improvement of teaching and learning within the realm
of algebra.

The following paragraphs contain descriptions

of a few of those that were judged to be the most pertinent
to this review.
Expressions
A major development in the area of parsing algebraic
expressions is the use of syntactic trees to represent the
structure of the expression.

These expression trees can

also be thought of as representing the student's mental
representation of the expression.

Thompson & Thompson

(1987) have developed a computer program, Expressions. which
allows students to work with expressions in both formats:
the symbolic and the tree.

Actions on one notation are then
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immediately reflected by changes in the other.

The goals

are to emphasize structural and cognitive features of
algebra that are typically not treated in traditional
algebra, and to facilitate the students' development of
relational understanding of the content.
Word Problem Assistant
This program, developed by Thompson (1989), is a highly
interactive artificial intelligence program that targets the
modelling component of the function model.

It attempts to

focus students' attention on the structure of the problem
situation rather than the procedures to be used.

The intent

is to show that the formulas that need to be applied arise
naturally from an understanding of the quantities involved
and the relationship between them.
TRM
Schwarz (1989) has developed an introductory functions
curriculum which is called the Triple Representation Model
(TRM).

It utilizes a computer environment to create a

mathematical microworld in which the objectives are the
learning of concepts with a network of relationships and the
promotion of a structured set of processes.

TRM emphasizes

collecting data in realistic contexts and solving problems
involving transfer between representations.

The focus is on

relationships between and within representation systems.
this curriculum, Schwarz mixes computer sessions and
conventional lessons; and he integrates open-ended
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activities with a conventional approach to the function
concept (Schwarz et al., 1990).
Function Probe
This is a multi-representational software tool
developed by Confrey & Smith (1991) for use in their
approach to teaching functions.

Their emphasis is on

building families of prototypic functions which are
introduced through real life problems.

The students learn

to represent and act on these functions in multiple
representations as well as to transform functions across
prototypes and representations.
Judah Schwartz/s Programs
Judah Schwartz believes that students need to explore
and create mathematics.

He has developed several programs

which allow students to ask questions, test hypotheses, pose
problems, and explore outcomes.

For example, Function

Analyzer is the first program in a series, named Visualizing
Algebra. which is being developed by Schwartz, Harvey, &
Yerushalmy of the Educational Development Center.

Its focus

is on translating as it allows students to see relationships
among the three basic representations of functions.
Students can manipulate the expression or graph and see the
change in the other.

They can zoom, stretch, or compress

graphs and explore families of functions (Corcoran, 1990).
Other programs developed by Schwartz that are worthy of
mention here are The Geometric Supposer. Broken Calculator.
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and The Algebraic Proposer.

The last of these is designed

to concentrate on the modelling and translating components
as it assists students in the solution of word problems.

It

makes use of the three representation systems and
numerical/graphical processes to create a rich problem
solving environment (Schwartz, 1987).
CIA
The Computer-Intensive Algebra (CIA) project was begun
in 1985 by a group of mathematics educators meeting at the
University of Maryland.

The project directors, James Fey

and M. Kathleen Heid, shared the goal of developing a new
approach to algebra that would effectively utilize computers
as learning and problem solving tools.

Their belief was

that technology could be used to address some of the
shortcomings of the traditional algebra curriculum.

The two

primary areas of concern were the large numbers of students
poor in algebra skills and the even greater numbers who do
not acquire an understanding of the concepts (Fey, 1992).
The CIA curriculum represents a major restructuring of
the algebra curriculum.

It presents some new mathematical

themes while employing a problem solving approach based on
the modelling of realistic situations.

Multiple computer

tools cure used extensively to explore mathematical ideas and
to solve problems.

Within this innovative curriculum,

algebra is organized around the concepts of variable and
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function with the goal of achieving deeper student
understanding (Fey, 1992).
The algebraic models used in CIA are expressed in the
three representations:

symbolic, tabular, and graphical.

The students are presented with question-rich situations
which they can explore under a variety of conditions and
changes in modelling assumptions.

The goal is for this

activity to lead to the discovery of important ideas and the
links between the different representations of those ideas
in algebra (Fey, 1992).
The concepts of variable and function are introduced at
the beginning of the course.

Variables are depicted as

letters representing quantities that change as the
conditions of the situation change, and functions are
described as relations among those variables.

The students

are expected to become familiar with the families of
elementary functions, such as polynomial, rational, and
exponential.

Also, they spend much less time on symbol

manipulation since the emphasis is on conceptual rather than
procedural knowledge.

Finally, symbolic reasoning is

covered at the end of the course to serve as a bridge
between this and more traditional courses (Fey, 1992).
Not only does CIA offer dramatic changes in the
mathematical content of the algebra curriculum and provide
some new instructional themes, it also suggests new roles
for teachers and students.

These roles are much different
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from those in the typical algebra class of today.

Since the

CIA curriculum emphasizes computer-based exploration of
topics and construction of mathematical models of realistic
problem situations, teachers must now take on a variety of
new instructional roles.

They must serve as guides and

facilitators for discussions, provide stimulation and
feedback to student activities, and encourage reflections on
and integration of laboratory experiences.

Also, they are

faced with the challenge of developing new strategies for
assessing student learning and assigning grades (Fey, 1992).
The constructivist environment fostered in this
curriculum places new demands on students and encourages
them to adopt new roles as well.

No longer will they be

passive recipients of information and imitators of the
teacher's behavior.

They will now be expected to become

active, self-directed learners who are personally
responsible for their own learning.

Also, they will

encounter the need to develop more skill in collaborating
with others and in writing and talking about mathematics.
These new challenges and demands for teachers and
students will not be met instantly.

It will take time,

effort, and a willingness to change on the part of both
groups.

Nevertheless, the resulting educational experience

promises to be a rewarding endeavor for all involved (Fey,
1992).

(See chapter 3 for more detailed information about

the CIA curriculum.)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

CHAPTER 3
METHODOLOGY

This chapter provides a detailed explanation of the
research method used in this experiment.

It begins with a

review of the purpose and the research questions of the
study.

Following this, there are thorough descriptions of

the subjects, the design of the study, the treatments, the
instruments, and the methods of data analysis.

In

particular, the characteristics of the CIA and TA curricula
are carefully delineated in the section on the treatments.
Purpose of the Study
In the previous chapters, some of the deficiencies of
the traditional algebra curriculum have been noted.

An

entirely new curriculum, Computer-Intensive Algebra. has
been proposed as an alternative approach which has the goal
of improving the teaching and learning of algebra.

CIA is a

function oriented curriculum that is characterized by a
problem solving approach based on the modelling of realistic
situations, an emphasis on conceptual knowledge, and the
extensive use of technology.
Prior research (Boers-van Oosterum, 1990; Matras, 1988)
has demonstrated the beneficial effects of this curriculum
on students' problem solving abilities and on their
understanding of variables.

This study was aimed at the

70
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investigation of the effects of the CIA curriculum on
students' understanding of the function concept.
Research Questions
The general hypothesis to be tested was that students
in the CIA curriculum develop a richer understanding of
functions than their counterparts in the TA curriculum while
achieving at least the same level of proficiency in
manipulative skills.

This broad statement generated the

five specific research questions of this study as listed
below.
1.

Are CIA students able to model real world phenomena
with functions better than TA students?

2.

Are CIA students able to interpret equations,
tables, and graphs better them TA students?

3.

Are CIA students able to translate between the
different representations of functions better than
TA students?

4.

Are CIA students able to reify functions better
than TA students?
a)

Are they able to perform operations, such as
addition and composition, on functions better
than TA students?

b)

Do they know the properties of certain families
of functions, such as linear and quadratic,
better them TA students?
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5.

Are CIA students able to perform operations and
transformations on algebraic formulas as well as TA
students?

These questions were formulated to examine the
influence of the curriculum on the students' attainment of
the concept of function and on their levels of procedural
skill.

Questions 1 - 4 were intended to describe a

conceptual knowledge of functions and were based on the
theoretical framework presented in chapter 2.

In that

model, there are four component competencies identified as
comprising this type of understanding of the function
concept.

Question 5 addressed the issue of competency in

procedural skills.
Description of the Subjects
Classes
The overall scope of the study included all of the
students enrolled in the College Algebra course (MA161) at
Southeastern Louisiana University (SLU) in the spring
semester, 1993.

SLU is a four-year school located in

Hammond, LA, which is a small, university-dominated town.
The student population consists of approximately 12,000
students, many of whom come from nearby rural communities.
Roughly 23 percent of the student body is classified as nontraditional (i.e., over 25 years old).

Most of the students

are from lower-middle to middle socio-economic status
families and would be considered to be of average scholastic
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ability.

The average ACT scores of the incoming freshman

class for the 1992-93 school year were 18.8 (composite) and
17.7 (mathematics).
A total of 40 classes with a combined initial
enrollment of 1531 students was involved in the analysis for
this research.

All of these classes participated in the

departmental final examination at the end of the semester,
and their results were used to evaluate research Question 5.
This included 802 students who took the final examination.
The primary focus of this project was on three of these
classes:

the experimental class (CIA) taught by the

researcher, a traditional class (TA1) taught by the
researcher, and a traditional class (TA2) taught by another
instructor.

These groups were given all of the instruments

described in this chapter, most notably, a pretest and
posttest specifically designed to test their conceptual
knowledge of functions.
The CIA course was advertized by the researcher as an
experimental course that used computers to make algebra more
interesting and easier to understand.

This was done by

posting flyers around school, advertising in the school's
newsletter, and by word of mouth both in and out of the
classroom.

Students were required to obtain the permission

of the department in order to register for this class.

This

was required so that each of them could be given a course
description and informed of the experimental nature of the
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project.

No interested students were discouraged in any way

or refused permission to join the class.

Also, none of them

expressed any concern about participating in the proposed
research or about the use of the results.

The two

traditional classes were filled by normal registration
procedures, in which the students do not even know the name
of their instructor until the first day of class.
A profile of these classes is given in Table 1.

It

provides pertinent information about the class sizes, their
gender profiles (as measured by the percentages of males),
the students' average ages, their mathematics backgrounds
(number of previous algebra courses), and their ability in
mathematics (Math ACT scores).

Chapter 4 has analyses of

these data as well as more information about the subjects.
In addition to this status and background information,
data relevant to the affective domain were collected by
mecns of two attitude questionnaires.

These were given to

the three classes both at the beginning and the end of the
semester.

They were intended to assess various components

of each student's attitude in regard to mathematics.

The

Revised Math Attitude Scale (Dutton, 1962) yielded a score
indicative of each student's overall attitude toward
mathematics, while the Mathematics Attitude Inventory (MAI)
(Sandman, 1980) measured six constructs relevant to their
mathematics attitudes.

(See Appendix C for a copy of the

Dutton Scale and Appendix D for a description of the MAI.)
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Table 1
Description of Classes

Class
Category

TA1

TA2

CIA

Begin semester

45

32

32

End semester

34

17

29

Completed study

29

10

26

Percent male

55.2

60

53.8

Age

21.1

22

26.4

2.7

3.1

2.6

17.9

20

16.1

Class size

Previous algebra
courses
Math ACT

Table 2 presents the results from the two attitude
measures as obtained at the start of the semester.

There is

more information about these questionnaires later in this
chapter in the section on the instruments.

Also, chapter 4

contains analyses of the data they provided at both the
beginning and the end of the course.
Interview Subjects
Complementary to the quantitative research, qualitative
data were collected via two sets of interviews conducted
with a total of twelve subjects.

The first set of

interviews was administered during the middle of the
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semester and involved four students from the CIA class and
four from the traditional classes.

Interview II, which was

done at the end of the course, included these eight students
and four others: two from CIA and two from TA.
Table 2
Attitude Measures— LPreJ.

Class
TA1

TA2

CIA

-0.1

0.0

-0.6

Teacher

26.3

22.8

26.3

Anxiety

13.4

12.8

14.0

Value

20.6

22.0

21.9

Self-Concept

15.1

16.4

14.0

Enj oyment

16.3

17.8

16.8

Motivation

8.8

7.7

8.5

Category
Dutton
MAI

The interview subjects were selected from a pool of
volunteers based on their gender and their performance in
the course up to that point.

The goals of the selection

process were to balance the groups in terms of gender and to
represent a range of abilities.
Table 3 provides information about these subjects in
terms of their gender, their mathematics ability (Math ACT),
their attitudes toward mathematics (Dutton), and their
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performance in the course.

The traditional subjects are

indicated by the codes T1 - T6, and the CIA subjects cure
coded as Cl - C6.

Additional information about these

subjects, including individual in-depth descriptions, can be
found in chapter 4.
Table 3

Subject

Sex

Math
ACT

Dutton
(Post)

T1

M

20

-0.95

B

T2

F

20

0.75

A

T3

M

11

-1.15

B

T4

F

23

1.85

A

T5

M

32

0.35

A

T6

F

20

0.30

B

Cl

F

22

1.85

A

C2

M

16

NA

F

C3

M

16

-0.70

D

C4

F

14

1.85

A

C5

M

11

1
o
•
o

Profile of Interview Subjects

C

C6

F

16

0.55

B

Note.

Semester
Grade

NA = not available
Design of the Study

This section contains a description of the design used
in this experiment.

First, it presents the quantitative
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elements of the project, and then it explains the
qualitative aspects.

These are followed by a discussion of

the weaknesses in the design and the methods utilized to
safeguard the validity of the results.

Finally, there are

some cautions to the reader relevant to the interpretation
and generalization of the research findings.
Quantitative
The quantitative portion of this research can be
characterized as a quasi-experimental, nonequivalent control
group design.

It was divided into two parts since the

general hypothesis to be tested had two components.

The

first part was intended to investigate whether CIA students
form a richer understanding of functions than their TA
counterparts (research Questions 1 - 4).

Three sections of

the College Algebra course were involved in this part of the
study:

the experimental group (CIA) and two control groups

(TA1 & TA2). The experimental group was taught using the
CIA curriculum, and the control groups followed the
traditional algebra curriculum.

The primary instruments

used in this part of the investigation were a pretest and a
posttest specifically designed to evaluate a conceptual
knowledge of functions as described by the first four
research questions.
The second part of the project was designed to compare
the levels of proficiency of the CIA and TA students in the
skills emphasized in the TA curriculum.

The goal was to
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show that CIA students perform at least as well as TA
students in this area (research Question 5), even though the
CIA curriculum devotes much less time to the development of
these manipulative skills.

The instrument used here was the

departmental final examination given to all sections of the
College Algebra course.
Several different comparisons were made with the
results obtained from this examination:

(a) The CIA class

with all of the other sections of College Algebra pooled
into one group; (b) the two classes taught by the researcher
(CIA and TA1) with all of the other sections pooled; and (c)
the three classes of primary interest to this study:
TA1, and TA2.

CIA,

This part of the study involved 40 classes

with a total of 802 students.
Qualitative
This project collected qualitative as well as
quantitative data.

The goals for the qualitative elements

were to clarify the results obtained by the quantitative
methods and to probe more deeply into the students'
conceptions of functions.

This portion of the research was

conducted by means of interviews involving six subjects from
the CIA class and six from the traditional classes.
According to Ginsburg (1981), the clinical interview is an
appropriate vehicle for studying complex cognitive
structures and mathematical thinking.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

80
As mentioned earlier, the interview subjects were
selected based on their gender, their performance in the
course up to that point, and their willingness to
participate in this aspect of the investigation.

The

selection process was guided by the aims of balancing the
groups in terms of gender and representing a wide range of
abilities.

(See Appendices G & H for copies of the

interview protocols.)
Weaknesses
One weakness in this study is the fact that the
students in the CIA class were volunteer subjects.

The use

of volunteer subjects without random assignment of subjects
to groups results in a nonequivalent control group design
(Cook & Campbell, 1979).

According to Borg and Gall (1989),

nearly all educational research must be done with volunteer
subjects because of legal and ethical constraints.

Cook and

Campbell (1979) further state that a nonequivalent control
group design with a pretest and posttest is perhaps the most
frequently used design in social science research.
Due to the threats to internal validity posed by such a
design, this study implemented several features recommended
by these research design experts to protect the validity of
the results.

The first of these, suggested by Borg and Gall

(1989), is that the characteristics of each group be
described at the beginning of the experiment.

This

description can then be used to decide what effects any
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preexisting group differences may have had on the research
results.
The section in this chapter on the subjects provides
descriptions of the samples used in this project.

In

particular, the three classes of primary interest to this
investigation amd the interview subjects are described in
detail.

More information is presented in chapter 4, where

the classes are compaired on status variables, mathematics
backgrounds, computer experience, course expectations,
affective variaibles, and their conceptual knowledge about
functions.

Also located in that chapter are in-depth

descriptions of each of the interview subjects.
According to Cook and Campbell (1979), estimating the
internal validity of an experiment is a deductive process,
in which the investigator must make all of the threats
explicit and then rule them out one by one.

In chapter 5,

the researcher discusses each of the internal validity
threats, decides which are relevant, and then analyzes the
data to test which of these can be ruled out.
According to Borg and Gall (1989), the main threat to
the internal validity of this type of design is the
possibility that group differences on the posttest were the
result of preexisting differences among the groups rather
them a treatment effect.

They say that analysis of

covariance (ANCOVA) is frequently used to statistically
reduce the initial group differences.

Therefore, this study
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made use of ANCOVA's to analyze the results of the post
instruments with the scores on the corresponding pre
instrument used as covariates.
Another statistical method geared toward supporting the
validity of the findings is analysis of variance (ANOVA)
with blocking defined for extraneous variables.

This was

done with the posttest results for every variable considered
to be a potential source of contamination in this
experiment.

The most notable of these were gender, age, and

mathematics ability (Hath ACT).
A second weakness in the design of this project is the
fact that the researcher also functioned as the
experimenter.

He was the instructor for the CIA and TA1

classes, and he conducted and analyzed the interviews.

This

introduced the possibility of the experimenter's biases and
expectations affecting the results, both in terms of his
behavior and that of the subjects.
There were several safeguards in effect which aimed at
protecting against this threat.

One such feature, which was

instituted as a partial control to the researcher's behavior
in relation to all of the subjects, was the observation of
the classes by another mathematics educator and researcher.
Her report on this aspect of the instruction serves as a
testimonial to the fair and unbiased treatment of all groups
(see Appendix K).

Furthermore, the second traditional
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class, which was taught by another instructor, functioned as
another control to researcher bias.
In spite of these protective measures, the readers sure
advised to analyze and interpret the conclusions of this
study very carefully.

Attempts to generalize the results to

other populations or settings are questionable and should be
approached with caution.

This is especially true with the

qualitative results because of the subjective nature of this
type of data.

(See chapters 4 & 5 for more complete

information and discussions about the safeguards to the
validity of this experiment.)
Treatments
The treatments in this study were the two curricula:
Computer-Intensive Algebra and traditional algebra.

These

are described in detail in the following pages.
Computer-Intensive Algebra Curriculum
The development of the CIA curriculum was a National
Science Foundation (NSF) funded project which began in 1985.
Its goal was to produce an innovative algebra curriculum
which would make optimal use of technology to enhance
teaching and learning in algebra.

It emphasizes student

explorations and solutions of realistic problems, while
using the computer as a tool for assistance in the process
of modelling, representing, and solving problems.
uses of the computer include the following:

Typical

displaying
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tables and graphs, fitting equations to data points, and
manipulating symbols (Fey, 1992).
The function concept, which is the central organizing
theme for the CIA curriculum, is introduced at the beginning
of the course along with the concept of variable.

The

emphasis throughout the curriculum is on conceptual and
structural knowledge as opposed to procedural knowledge.
Students learn to use variables and functions to build
mathematical models of applied problems, and they cire taught
to look for the underlying mathematical structure of the
situation as a part of the modelling process.

The students

are expected to concentrate on the selection of the best
tool and most appropriate representation of the problem,
while the computer is used to handle many of the details of
the solution (Matras, 1988).
The CIA curriculum consists of student texts, guides
for teaching, tests of student achievement, and computer
software environments.

At the core of the program is the

student text, Computer-Intensive Algebra (1991), which is
structured much in the form of a workbook.

It is divided

into the following nine chapters:
Chapter 1.

Variables and Functions

This chapter begins the development of the
concepts of variable and function.

It also

introduces the three representation systems for
functions: tables, graphs, and formulas.
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Chapter 2.

Calculators, Computers, and Functions

This chapter introduces the calculator and
computer tools that will be used to study the
functional relationships, including graphing
programs and symbo1-manipulation programs.
Chapter 3.

Properties and Applications of Linear
Functions

This chapter examines the numeric, graphic, and
symbolic properties of linear functions.

The goal

is to have students be able to identify and answer
questions about linear patterns.
Chapter 4.

Quadratic Functions

This chapter examines the numeric, graphic, and
symbolic properties of second and higher degree
functions.

Students should become adept at

recognizing, using, and analyzing the patterns for
these types of functions.
Chapter 5.

Exponential Functions

This chapter extends the examination of families
of functions to the exponential functions.
Students explore the effects of parameter changes
and answer questions about realistic exponential
growth and decay situations.
Chapter 6.

Rational Functions

This chapter extends the analysis to families of
rational functions, and it also includes some
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examples of inverse variation in scientific
applications.
Chapter 7.

Algebraic Systems: Systems of Functions
and Equations

This chapter focuses on systems of equations and
inequalities of two or more variables.
Chapters 8 & 9.

Symbolic Reasoning: Equivalent

Expressions, Equations, and Inequalities
These chapters introduce the topics of equivalent
expressions, equations, and inequalities, and the
formal manipulation of these items (Fey, 1992).
The preceding chapter titles and explanations give an
indication of the prominence of the concepts of variable and
function in the CIA curriculum.

However, they do not show

the emphasis that is placed on concepts rather than
procedures throughout the course.

The traditional algebra

topics on formal symbol manipulation are not covered until
the last two chapters.

This reduction of time spent on

manipulative skills, allowing for the increased attention to
functions and applications, is a focal point of the CIA
strategy (Fey, 1992).
Exercises in the text characteristically begin with a
concrete situation to be analyzed.

For example, one section

in the chapter on quadratic functions presents the following
situation to be explored with the help of the computer.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

87
Situation.

For a car with mass of 1,000 kilograms,

traveling on a dry asphalt road, the rule
d(s) = .005s2 + .14s
predicts stopping distance d(s) in meters from speed s
in kilometers per hour. (p. 4-2)
The students are then instructed to use the computer to
generate a table of value pairs (s, d(s)) and a graph of
this data.

Next, they are asked to use this table and/or

graph to answer questions like the following:
(a)

Describe the trend in stopping distance values as
the speed increases.

(b)

What properties of the relation between speed and
stopping distance can be learned best from the
table?

(c)

And what properties from the graph?

How does the graph of this function seem to differ
from those of linear functions you have studied?
(P. 4-3)

Following questions of this type, the students are
required to answer another series of questions, again with
the help of computer tools (e.g.', symbol manipulation
programs).

In this section, the questions usually require

some numerical calculations, such as the stopping distance
for a given speed, or the speed required for a given
stopping distance.

Here, the students must not only solve

the problem, but they must also write an algebraic
expression that matches the question.

Then, they must
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describe a suitable method to solve the problem, including
an appropriate tool to use (CIA, 1991).
A typical CIA lesson begins with the introduction of a
new concept to the whole class by presenting the students
with a realistic situation to be analyzed.

After some whole

class discussion, the students work in pairs on the computer
as they attempt to explore the concept or to model the
situation.

Next, there is a full class discussion of the

results of this exploration phase.

This is followed by some

exercises aimed at reinforcement or at examination of other
aspects of the concepts.

Finally, a looking back activity

or presentation is given as an integration exercise (Boersvan Oosterum, 1990).
CIA represents an entirely different approach from that
used by many other projects involving computer assisted
instruction.

The students do not read text from the

computer screen, nor do they answer questions generated by
the computer.

Rather, they are actively involved in the

learning process, using technological tools to explore
mathematical ideas and to solve problems.

They also benefit

from the cooperative learning and report writing features of
this constructivist environment (Fey, 1992).
In support of the student text/workbook, there are
several ancillary materials provided by the CIA curriculum.
These include guides for teaching, achievement tests, and
software programs.

The teaching guides provide teaching
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suggestions, learning objectives, answers and explanations
to the students' text, and so forth for all of the sections.
The achievement tests are designed to be compatible with the
course in that they assess students' abilities with in-depth
investigations of rich problem situations.

Parts of the

tests are done with only a scientific calculator, and other
parts are done with access to all of the available computer
tools (Fey, 1992).
The CIA curriculum requires a set of generic tool
programs for representing and manipulating mathematical
ideas in numeric, graphic, and symbolic form.

The requisite

software includes (a) a function tables program, (b) a
function graphing program, (c) a curve fitting program, and
(d) a symbol manipulation program.

In addition to these,

there are some special purpose programs which are designed
specifically to support certain lessons in the student text.
An example of one of these special purpose programs is
Gravity of the Planets, a guess-my-rule program related to a
lesson in chapter 1.

Another is Talent Show which simulates

the economic decision making involved in the planning of a
school talent show.

This latter program accompanies an

example used extensively in chapter 1 and referred to
throughout the course (CIA, 1991).
The CIA curriculum can be implemented in a variety of
physical settings.

In this project, class time was

approximately equally divided between the regular classroom
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and the computer lab.

Activities in the classroom consisted

of whole class discussions and small group cooperative work.
The whole class discussions were led by the instructor and
typically involved the use of an overhead projector and
occasionally the chalkboard.

During the small group

sessions, the students would move their desks into groups of
three or four and collaborate on exercises in their
textbooks.
The computer lab contained 16 computers on desks
arranged in four rows.

The students worked in pairs on the

computer activities while the teacher walked around asking
and answering questions.

They had been instructed to have

one person act as the keyboarder and the other as the
recorder of the results and to alternate these roles each
week.

Nothing was to be entered into the computer until

both of the students had discussed the situation and agreed
upon a course of action.

Finally, they were required to

review their results with each other and the teacher as they
concluded the exercises.
Traditional Algebra Curriculum
The traditional algebra curriculum follows closely the
textbook adopted for this course, Algebra for College
Students: Functions and Graphs by Mark Dugopolski (1992).
The following is a list of the chapters that are covered.
Chapter 6.

Quadratic Equations and Inequalities.

Chapter 7.

Linear Equations in Two Variables
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Chapter 8.

Functions

Chapter 9.

Polynomial and Rational Functions

Chapter 10.

Exponential and Logarithmic Functions

Chapter 11.

Systems of Equations

Although these titles are very similar to the ones in
the CIA text, the approach and the emphasis are very
different.

The major thrust of this curriculum is the

development of procedural skills by the students.

In

general, the problems are simple, well-defined ones which
call for routine applications of predefined procedures.

The

concepts are usually introduced by formal definitions and
illustrated by a few examples and non-examples.

In

particular, functions are defined as sets of ordered pairs
and later demonstrated as formulas or equations.

There are

some references to tables and graphs, but the great majority
of examples and problems involve functions represented in
symbolic form only.
The typical classroom routine begins with a review of
previous work, in the form of answering student questions
and going over the homework problems from the last class.
This is followed by a teacher presentation of new material.
Normally, this involves an explanation of a new concept or
procedure and some examples of problems related to this
topic.

There are usually some questions from the students

which are answered by the teacher, as well as some questions
posed by the teacher for the students to answer.

However,
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the amount of student-teacher interaction is often rather
limited, resulting in a class that is very teacher oriented.
Description of the Instruments
The primary independent variable was the curriculum
used for the course, either Computer-Intensive Algebra or
traditional algebra.

However, other variables were reported

and analyzed for their possible effects on the results.
These included status variables (age, gender), mathematics
ability and background (ACT scores, number of previous
algebra courses), computer experience, course expectations,
and affective factors.
The principal dependent variable in this study was the
students7 understanding of the function concept as described
in the first four research questions.

Another dependent

variable important to this research was the students7 level
of procedural skill (research Question 5).

In addition to

these, some affective variables were examined for the
possibility of differential effects resulting from the two
treatments.
Questionnaires
There were two sets of researcher questions which were
given to the students, one at the start and the other at the
end of the course.

The first set was intended to provide an

initial comparison of the experimental and control groups in
two areas:

(a) their computer backgrounds/experience and

(b) their course expectations.

The computer questions
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concerned 'the students' prior use of computers at home, at
work, or in other courses, and whether they had previously
taken a computer science course.
Yes/No answers.

These questions required

The other questions queried the students

about their course expectations in terms of difficulty,
interest, amount of work, chance of failure, and expected
grade.

These questions used a four point scale ranging from

very difficult (4) to very easy (1).
The questionnaire administered at the end of the course
was similar to the first one, except that the computer
background and experience questions were omitted.

In their

place, some questions were asked which were of interest to
the researcher but not used in the evaluation of this
project.

Also, the other questions were now phrased as

course evaluations instead of course expectations.

Chapter

4 has more information on these questionnaires as well as
analyses of the students' responses.

(See Appendices E & F

for copies of the two questionnaires.)
In addition to these sets of researcher questions, the
first page of the pretest contained some questions which
requested status and background information from the
subjects.

This included data on gender, age, Math ACT

score, and the number of previous mathematics courses they
had taken.

The student-supplied Math ACT scores were later

verified by the researcher via the official university
records.
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Attitude Measures
There were two instruments used to evaluate the
students' attitudes toward mathematics in this study.

They

were administered at the beginning and the end of the
semester to the three classes:

CIA, TA1, and TA2.

These

measures were intended not only to provide an initial
comparison between the experimental and control groups, but
also to investigate possible differential effects of the
curricula in the affective domain.
The first of these attitude tests was the Revised Math
Attitude Scale (Dutton, 1962).

It uses a Likert scale with

summated ratings, where the students indicate the extent of
agreement between the attitude expressed in each statement
and their own personal feelings.

Scores on this test range

from -2 to +2 indicating, respectively, a negative to a
positive attitude toward mathematics.
expressed by a score of 0.

A neutral attitude is

Reliability and validity of this

scale vary somewhat with grade level due mainly to the fact
that attitudes become more stable with maturity.

(See

Appendix C for a copy of this instrument.)
Since the Dutton scale gives only one score which rates
each student's overall attitude toward mathematics, a
second, complementary measure was implemented.

This was the

Mathematics Attitude Inventory (MAI) (Sandman, 1980), which
gives six scores for each student.

Items on the MAI test

are divided into six categories measuring the following
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constructs relevant to mathematics attitude:

(a) perception

of the mathematics teacher, (b) anxiety toward mathematics,
(c) value of mathematics in society, (d) self-concept in
mathematics, (e) enjoyment of mathematics, and (f)
motivation in mathematics.
The MAI is normed for eighth and eleventh grade
students.

Reliability data is given in the form of Cronbach

alpha coefficients for the six scales which range from .68
to .89 (Sandman, 1980).

(See Appendix D for a more complete

description of this instrument.)
Tests
Functions Tests
A pretest and a posttest on functions were designed by
the researcher specifically to assess the students'
understanding of this concept as described in research
Questions 1 - 4 .

The two tests were very similar as the

pretest was an alternate version of the posttest.

They were

based on the theoretical framework delineating a conceptual
knowledge of functions which was described in chapter 2.
(See Appendices A & B for copies of these tests.)
Description. These tests were not achievement tests;
but rather, they were diagnostic in character.

Each of the

questions was intended to probe one of the following aspects
of a conceptual knowledge of functions:

(a) modelling a

real world situation using a function, (b) interpreting a
function in terms of a realistic situation, (c) translating
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between different representations of functions, and (d)
reifying functions.

These components correspond directly

with the first four research questions.
Each of these competencies can be divided into a number
of subcomponents.

For instance, the modelling component

encompasses the ability to model a real world situation
through the use of a formula, a table, or a graph.

Within

this framework, each of these subcomponents can be further
analyzed at an even finer grain size.

For example, there

are two possible directions of movement relevant to the
modelling of a problem situation by means of a table.

The

input value may be provided and the output value requested,
or this process may be reversed.

These two directions would

similarly be applicable to the interpreting component
relative to tables.

Also, interpretation tasks could

involve observations and analyses from different
perspectives, either pointwise or more global observations
(e.g., rates or trends).

(See chapter 2 for a complete

explanation of the function model.)
A great deal of time and planning went into the
development of these tests to ensure that every subcomponent
was given equitable treatment.

Each of them was addressed

by questions aimed at encompassing the different varieties
of directions and perspectives appropriate to that type of
knowledge.

Furthermore, questions were posed at differing

levels of difficulty and in the context of different types
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of functions.

Each direction, perspective, or function type

considered to be appropriate received equal attention and
weight on these functions tests.
Breakdown.

The following is a breakdown of the

posttest questions with the components and subcomponents
they

address.

More information aboutthese questions and

the scoring of this test can be

found in the data analysis

section later in this chapter.
Modelling:

Questions 1, 5, 8, 11, 15.

Problem situation — >

Rule:

lc, 5b, 15a.

Problem situation — >

Table:

lab, 5a, 15b.

Interpreting:

H
*
CO

Problem situation — > Graph:

Questions 2abc, 6, 12.

— > Problem situation:

6.

Table — > Problem situation:

2abc.

Graph — > Problem situation:

12.

Rule

Translating:

Questions 2d, 3 , 9 , 14, 16.

Rule

— > Table:

16.

Rule

— > Graph:

9.

Table — > Rule:

2d.

Table — > Graph:

14.

Graph — > Table:

3a, 3c.

Graph — > Rule:

3b, 3d.

Reifying:

Questions 4, 7, 10, 13.

Properties:
Operations:

4,

7.

10, 13.
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Adm inistration.

The pretest and posttest were each

administered to the CIA, TA1, and TA2 classes during one of
their normal class meetings.

The pretest was given in the

first week of classes and the posttest during the last week
of the semester.

The students were told that these tests

would not affect their grade but that they could earn extra
credit points if they did well.
Pilot studies.

Pilot studies were conducted on these

tests in January, 1993, at Metairie Park Country Day School
in New Orleans, LA.

A total of 23 students in two sections

of a course entitled Functions participated in this phase of
the project.

These studies verified that the tests were of

the proper length and that the questions were clear and
understandable to the students.
Validity.
of the tests.

Face validity is evident from an inspection
Content validity was established for the test

items by the researcher, his major professor, and another
professor who is considered to be an expert in the College
Algebra course at SLU.

This professor was also the

instructor for the second traditional algebra class (TA2).
Departmental Final Examination
The other posttest used in this study was the
departmental final examination, which was given to all of
the students enrolled in the College Algebra course.

This

is a two hour, comprehensive examination developed by a
committee from the Department of Mathematics at SLU.

This

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

99
instrument also serves as part of the university's test of
mathematics proficiency for the State of Louisiana.
Since this test stresses the solution of routine
problems mainly involving the manipulations of algebraic
formulas, it was be used to address that aspect of the
project (research Question 5).

Students were allowed to use

scientific calculators only on this and on the previously
discussed functions tests.
Interviews
The student interviews were intended to corroborate the
quantitative findings and to probe more deeply into the
students' conceptions about functions.
of these interviews.

There were two sets

Interview I was conducted during the

middle of the semester, and Interview II was administered
toward the end of the semester.

All of the interviews were

held in the researcher's office, lasted approximately 40 45 minutes, and were recorded on audiotape for later
analysis.

Each session began with the researcher explaining

the interview process to the subject.
The questionnaires used during the interviews were
developed by the researcher specifically for the purposes of
this investigation.

They consisted of questions and

problems, many of which were analogous to the problems on
the functions tests.

Just as on those tests, these problems

were categorized according to which component of the
function model they probed.

The benefit derived from the
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interview format was that it allowed the researcher to
investigate not only the methods used by the subjects during
their problem solving attempts, but also the reasoning
behind those methods.
The other interview questions were designed to probe
into areas difficult to investigate on the written tests.
These questions delved into the students' thoughts and
feelings about several topics:

(a) mathematics in general;

(b) algebra; (c) the College Algebra course (either CIA or
TA); (d) functions; and (e) various subconcepts related to
functions, such as domain and range. These topics were
pursued as deemed appropriate for each of the subjects, and
they were examined as fully as possible within the time
constraints of the interview.

(See Appendices G & H for

copies of the interview protocols.)
Data Analysis
As mentioned previously, several instruments were
administered to the CIA, TAl, and TA2 classes at the
beginning and end of the course.

These included a set of

researcher questions, the two attitude measures (Dutton and
MAI), and the tests on functions.

Additionally, some status

and background questions were posed at the beginning of the
pretest.

The other measure used at the end of the semester

was the departmental final examination given to all sections
of the College Algebra course.

Furthermore, qualitative
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data were collected via the two sets of interviews just
described.
This data analysis section is divided into four parts.
The first contains a description of the overall strategy and
statistical methods used to analyze the quantitative data
collected during the study.

This is followed by an

explanation of the categorization and scoring system
implemented for the functions tests, together with the extra
statistical analyses performed on those instruments.

Next,

there is a explanation of the statistical tests conducted on
the results of the departmental final examination.

Finally,

the methods utilized in the analysis of the interview data
are described.

(See chapter 4 for more complete information

on these topics.)
Overall Strategy
Some of the information gathered in this research was
in the form of categorical data.

This included items such

as the gender profiles of the classes and the students'
responses to the researcher questions concerning their
computer backgrounds and experience.

All variables of this

type were analyzed by means of chi-square analyses.
The numerical data were analyzed by several different
tests involving analysis of variance.

For the data

collected at the beginning of the semester, analysis of
variance (ANOVA) and multivariate analysis of variance
(MANOVA) were the appropriate tools.

Individual variables,
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such as the score on the Dutton attitude scale or the Math
ACT score, were analyzed by ANOVA's.

Other variables

occurred in groups of related factors and were analyzed with
MANOVA's (e.g., the six MAI scores or the students' course
expectations).

In this latter situation, all significant

multivariate tests were followed by the univariate tests of
significance for each variable.
Subsequent to any significant omnibus tests, post hoc
comparisons were done among the three classes.
accomplished in two ways:

This was

(a) A contrast was defined to

compare the CIA class with the two traditional sections, and
(b) Scheffe's pairwise comparisons were made between each of
the groups.

Scheffe's method was chosen because of its

conservative nature and the unequal sizes of the classes.
In addition to these methods of analysis, there were
some other tests which were available and appropriate for
the data collected at the end of the course.

The most

important of these was analysis of covariance (ANCOVA).
ANCOVA's were implemented for all of the post-instruments
with the scores from the corresponding pre-instrument used
as covariates.

Prior to each of these, the underlying

assumptions of linear dependence and homogeneity of
regression were tested and verified.

Another type of test

that was used at this time was repeated measures analysis.
This was performed on the results of the two attitude
scales.
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Functions Tests
The questions on the functions pretest and posttest
were grouped into one of four categories, depending on which
component of a conceptual knowledge of functions they
measured.

The scores within each category were then summed

to form one score for each of the components in the function
model.

This process resulted in four scores corresponding

to research Questions 1 - 4 as follows:

(a) modelling, (b)

interpreting, (c) translating, and (d) reifying.

Finally,

these four scores were added to produce a total score, which
was used as an indication of each student's overall mastery
of the function concept.
Since the total score was linearly dependent on the
four component scores, the statistical analysis required
that a MANOVA be used for the components and an ANOVA for
the total score.

All categories that exhibited significant

differences were then analyzed with contrasts and Scheffe's
post hoc comparisons as described in the previous section.
Also, the posttest results were further analyzed with
ANCOVA's using the corresponding scores from the pretest as
the covariates.
Following these analyses, it was appropriate to test
for possible effects of extraneous variables.

This was

accomplished by performing individual ANCOVA's on all of the
significant categories with blocking defined for several
factors.

Among the many variables that were tested for the
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possibility of confounding effects, the most noteworthy were
Sex, Age, and Math ACT score.
Departmental Final Examination
Research Question 5 refers to the proficiency of the
students in the symbol manipulation tasks emphasized in the
TA curriculum.

These skills were assessed by the final

examination administered by the Mathematics Department to
all of the College Algebra students.

Several different

methods of analysis were applied to the results obtained
from this instrument.
First, a t-test was done on the test scores for the CIA
class and all of the other sections of this course pooled
into one group.

Next, an ANOVA was performed which compared

the CIA class, the researcher's traditional class (TA1), and
all of the other sections pooled.

This was followed by

comparisons of the three classes of primary interest to this
study:

CIA, TA1, and TA2.

The scores of these groups were

analyzed by both an ANOVA and an ANCOVA which used the
students' Math ACT scores as covariates.
Interviews
The interviews were analyzed by meticulously reviewing
the audiotapes together with the subjects worksheets.

Each

interview was outlined, summarized, and evaluated in several
different categories.

These categories included each of the

four components of the function model as well as other areas
of interest:

for example, the subjects' opinions of
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algebra, their impressions of the course, or their thoughts
about functions.

These individual summaries were then

analyzed to produce a synthesis of each groups' responses
and to select the most representative comments for every
category.
In addition to reporting the results of these
qualitative analyses, the researcher devised a rating scale
which evaluated the subjects' competencies in each of the
categories for a conceptual knowledge of functions.

The

subjects were rated from very poor (0) to very good (4) in
these four categories.

The means for both groups were then

calculated and presented in a tabular format (see Tables 14
& 15 in chapter 4).

Due to the subjective nature of these

data, no statistical tests were performed on them nor were
any definite conclusions drawn from these results.

However,

there were some interesting comparisons and patterns that
emerged from this process.
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CHAPTER 4
ANALYSIS OF THE DATA

The purpose of this study was to examine the hypothesis
that students in the CIA curriculum develop a richer
understanding of functions than their counterparts in the TA
curriculum while achieving at least the same level of
proficiency in manipulative skills.

Both quantitative and

qualitative data were collected in an effort to investigate
this question as thoroughly as possible.

This chapter

presents the results of that investigation and the
statistical analyses performed on those results.

The

conclusion of the chapter contains a summary of the major
findings revealed by these analyses.
Quantitative Data
This section provides an examination of the descriptive
statistics and tests used to analyze the quantitative data
that were collected.
categories:

These data are divided into four

(a) class size and grades, (b) status

variables, (c) pre-instruments, and (d) post-instrument s.

A

summary of the quantitative analysis concludes this section.
Class Size and Grades
The overall scope of the study encompassed all of the
students enrolled in the College Algebra course (MA161) at
Southeastern Louisiana University (SLU) during the spring
semester, 1993.

This involved a total of 40 classes with an

106
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initial enrollment of 1531 students.

However, the primary

focus of the study was on three classes:

the experimental

class (CIA) taught by the researcher, a traditional class
(TA1) taught by the researcher, and a traditional class
(TA2) taught by another instructor.
Table 4 gives the statistics on enrollment and grades
that are pertinent to this study.
size was 38.4 students.

The average initial class

In the CIA class, the number of

students initially enrolled was limited to 32 because of the
number of computers available.

Other class sizes varied but

were generally between 30 and 45 students.
The withdrawal rate (9.4%) for the CIA class was much
lower than that in the other classes, suggesting that the
CIA students may have seen the material as more accessible.
Since it was also determined that they were significantly
older than the TA students (see Table 5), it was considered
appropriate to check for a correlation between Age and
Withdrawals.

This test was significant, with a Pearson

correlation coefficient equal to 0.227.

The CIA failure

rate was similar to that of the other sections, resulting in
a combined withdrawal and failure rate (28.1%) substantially
lower than the other groups.

These figures indicate that

71.9 percent of the CIA students successfully completed the
course as opposed to 47.8 percent of the TA students.
During the course of any semester, there are some
students who stop attending class or don't take all of the
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tests but don't officially withdraw from the course.

These

students are listed in Table 4 in the category Unofficial
withdrawals.

Following that category, there is a listing of

the number and percentage of students who completed all of
the instruments involved in the study.

For the students in

the TA1, TA2, and CIA sections, this included all of the
instruments as described in chapter 3.

The only instrument

used for the other students was the departmental final
examination.

Here also, the completion percentage for the

CIA class was much higher than that of the other classes.
Table 4
Class Size and Grades

Class
Category

TA1

TA2

CIA

All MA161
sections

45

32

32

1531

11
24.4

15
46.9

3
9.4

568
37.1

End semester

34

17

29

963

Failures (F)
Percent F

8
17.7

5
15.6

6
18.8

232
15.2

Percent W & F

42.2

62.5

28.1

52.2

5

7

3

16

29
64.4

10
31.2

26
81.2

802
52.4

Begin semester
Withdrawals (W)
Percent W

Unofficial
withdrawals
Completed study
Percent
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Status Variables
Table 5 provides a profile of the TA1, TA2, and CIA
classes.

Gender information is given in the form of the

percentages of males in each class.

This is followed by the

class means for age, number of previous algebra courses, and
mathematics ACT score.
Table 5
Status Variables

Class
Category

TA1

TA2

CIA

Percent male

55.2

60

53.8

Age

21.1

22

26.4

2.7

3.1

2.6

17.9

20

16.1

**

Previous algebra
courses
Math ACT
Note.

**

Categories which exhibited significant differences

are indicated by * (p < .05) and ** (p < .01).
A chi-square test showed no significant differences in
the gender profiles (as measured by Percent male) of the
three classes.

Analyses of variance (ANOVA's) were done on

the other variables.

These showed no significant

differences in algebra background (as measured by the number
of previous algebra courses), but they did show significant
differences for Age and Math ACT.

A contrast (1 1 -2) was
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then defined to compare the CIA class to the two TA classes
for each of the two significant variables. These were also
significant (p < -05), indicating that the CIA subjects were
significantly older than the TA students and had
significantly lower mathematics ACT scores.

Similarly,

Scheffe's post hoc, pairwise comparisons showed that the CIA
students were significantly older (on average) than the TA1
students (p < .05), and significantly poorer in mathematics
(on average) than the TA2 students as measured by the Math
ACT score (p < .05).
P-re-Tnstmnients

There were four instruments administered at the
beginning of the semester:

(a) a set of researcher

questions concerning the students' computer backgrounds and
their course expectations, (b) the Revised Math Attitude
Scale (Dutton, 1962), (c) the Mathematics Attitude Inventory
(MAI) (Sandman, 1980), and (d) the pretest on functions.
The results of the researcher questions are displayed in
Tables 6 and 7.

Table 8 contains the means for the Dutton

and MAI instruments, and Table 9 has the means for the
pretest on functions.
Researcher Questions
Table 6 gives the percentage of "Yes" answers to the
following researcher questions concerning the students'
computer experience and background:
(a)

Do you have a computer at home?
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(b)

Have you used a computer at work?

(c)

Have you used a computer in any other courses?

(d)

Have you taken any computer science courses?

Chi-square analyses were conducted on each of these
questions, and none of them were significant.

Thus, these

results did not seem to indicate any significant differences
among the classes relative to their computer backgrounds and
experience at the start of the semester.
Table 6
Computer Background

Class
TA1

TA2

CIA

Computer at home?

27.6

30.0

53.8

Computer at work?

44.8

50.0

53.8

Computer in other courses?

51.7

60.0

61.5

Taken Comp-Sci course?

62.1

40.0

69.2

Question

Note.

Categories which exhibited significant differences

are indicated by * (p < .05) and ** (p < .01).
Table 7 shows the means of the students' answers to a
set of researcher questions about their course expectations.
The students were asked to rate their course expectations in
the following categories:

(a) difficulty, (b) interest, (c)

amount of work, (d) their chance of failure, and (e) their
expected grade.

In each of the categories (a) - (d), a four
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point scale was applied as exemplified by the following:
very difficult (4), difficult (3), easy (2), very easy (1).
In the final category (e), the expected course grades were
converted to numbers by using the standard four point scale
(A = 4 , B = 3, C = 2, D = 1, F = 0) .
Table 7
Course Expectations

Class
Category

CIA

3.2

2.9

2.7
3.2

to

**

TA2

•

Difficulty

TA1

2.6

*

3.5

3.1

3.2

Chance of failure

2.0

1.8

1.8

Grade

2.8

2.6

3.1

Interest

**

Amount of work

Note.

Categories which exhibited significant differences

are indicated by * (p < .05) and ** (p < .01).
A multivariate analysis of variance (MANOVA) was
performed on these results and was significant (p < .01).
Following the multivariate test, the univariate tests showed
significant differences among the groups in the categories
of expected difficulty, interest, and amount of work.

The

contrast (1 1 -2) was defined to compare the CIA class with
the two traditional classes in each of these significant
categories.

These tests were significant for difficulty and
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interest (p < .01), but not for amount of work.

In a

similar manner, Scheffe's post hoc comparisons showed
significant differences (p < .05) between the CIA class and
TA1 for expected difficulty, and between the CIA class and
both TA1 and TA2 for expected interest.

No two classes were

significantly different for the expected amount of work.
Thus, these tests indicated that the CIA students were
anticipating a less difficult and more interesting course
than were the traditional students.
Attitude Measures
Table 8 contains the results from the Dutton and the
MAI attitude measures.

Scores on the Dutton scale give a

overall rating of the students' attitude toward mathematics.
They range from -2 to +2 indicating, respectively, a
negative to positive attitude toward mathematics.

Items on

the MAI test are divided into six categories measuring the
following six constructs of mathematics attitude:

(a)

perception of the mathematics teacher (Teacher), (b) anxiety
toward mathematics (Anxiety), (c) value of mathematics in
society (Value), (d) self-concept in mathematics (Selfconcept) , (e) enjoyment of mathematics (Enjoyment), and (f)
motivation in mathematics (Motivation).
An ANOVA on the Dutton results showed no significant
differences among the three classes although the probability
was marginal (p = .0612).

A MANOVA was performed on the MAI

test and was significant (p < .01).

However, the subsequent
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univariate tests showed that the only significant category
was Teacher (p < .01).

This demonstrated the differences in

the students' perception of the researcher as compared to
the instructor of the other traditional class.

The

researcher was perceived better by his two classes them the
other instructor was by his class.
Table 8
Dutton and MAI (Prel

Class
Category

TA1

TA2

CIA

-0.1

0.0

-0.6

Teacher **

26.3

22.8

26.3

Anxiety

13.4

12.8

14.0

Value

20.6

22.0

21.9

Self-Concept

15.1

16.4

14.0

Enjoyment

16.3

17.8

16.8

Motivation

8.8

7.7

8.5

Dutton
MAI

Note.

Categories which exhibited significant differences

are indicated by * (p < .05) and ** (p < .01).
Pretest on Functions
Table 9 displays the results of the functions pretest,
subdivided into its four components and the total score.
MANOVA was performed on the four components, and an ANOVA

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

A

115
was done on the total score.

The separation of these two

analyses is necessary because the total score is linearly
dependent on the scores for the components.

Neither of

these tests revealed any significant differences among the
three classes in their conceptual knowledge of functions at
the beginning of the semester.

However, it is worth noting

that the CIA students scored the lowest in every category
except interpreting on this test.
Table 9
Pretest

Class
Category

TA1

TA2

CIA

Modelling

7.5

7.8

6.4

16.7

13.3

15.0

Translating

6.9

8.0

5.8

Reifying

2.2

4.2

2.0

33.3

33.3

29.2

Interpreting

Total
Note.

Categories which exhibited significant differences

are indicated by * (p < .05) and ** (p < .01).
Summary
The four instruments administered at the beginning of
the semester were intended to provide an initial comparison
of the three classes of primary interest in this research.
The results from the researcher's questions did not reveal
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any significant differences in their computer backgrounds or
experience.

However, they did indicate that they CIA

students expected the course to be more interesting and less
difficult than did the TA students.

This finding may have

been related to the advertisements for the experimental
class which claimed that it would make algebra more
interesting and easier to understand.
The two attitude scales found significant differences
among the groups only in their perceptions of their
respective teachers.

The researcher was perceived better by

his classes than was the teacher of the other traditional
section.

Finally, the pretest on functions did not show any

significant differences among the classes at the beginning
of the course.
Post-Instruments
At the end of the semester, the CIA, TA1, and TA2
classes completed another set of researcher questions.

This

set was similar to the first one except that the computer
background and experience questions were omitted.

The

Dutton and MAI attitude measures were given again, and the
posttest on functions was administered.

Also, all sections

of the course participated in the departmental final
examination at this time.

Table 10 contains the means for

the answers to the researcher questions, and Table 11 has
the means for the Dutton and the MAI instruments.

The means

for the functions posttest are provided in Table 12, which
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is followed by the results and analyses of the departmental
final examination.
Researcher Questions
Table 10 provides the means for the answers to the
researcher's questions concerning the students' feelings
about the following aspects of the course:

(a) difficulty,

(b) interest, (c) amount of work, (d) chance of failure, and
(e) expected grade.

These questions correspond directly to

the researcher questions asked in the beginning of the
semester.
Table 10
Course Evaluations

Class
Category

TA1

TA2

CIA

Difficulty

2.9

3.0

2.7

2.9

2.9

3.3

Amount of work

3.1

3.4

3.3

Chance of failure

2.2

H

00

•

2.0

Grade

**

1.8

2.7

2.3

Note.

Categories which exhibited significant differences

Interest

***

are indicated by * (p < .05) and ** (p < .01).
‘Significant in MANOVA only.
These results were analyzed first with a MANOVA
followed by univariate tests.

The MANOVA was significant,
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as were the subsequent univariate tests, for Interest and
Grade (p < .01).

Again, the contrast (1 1 -2) was used to

compare the CIA class with the two traditional classes.

It

showed significant differences (p < .01) among the classes
for interest, but not for expected grade.

Similarly,

Scheffe's pairwise comparisons indicated significant
differences (p < .05) between the CIA section and each of
the traditional sections in terms of interest; but only
between the two traditional classes for expected grade.
Therefore, the evidence supported the conclusion that the
CIA students found their course more interesting than did
the TA students.
The next analyses performed were individual analyses of
covariance (ANCOVA's) on these responses, using the
corresponding score from the first set of these questions as
the covariate.

For these individual ANCOVA's, the only

significant category was the students' expected grade (p <
.01); and again, the difference was between the two
traditional classes.

It should be noted that for these and

for all other ANCOVA's reported in this document, the
appropriate tests were performed to verify the underlying
assumptions of linear dependence and homogeneity of
regression (see Appendix L for the correlation matrix).
One additional question asked of the students at this
time which deserves mention here was, "Would you recommend
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this course to a friend even if it were not required?"

The

percentages of "Yes" answers were as follows:
TA1 - 62.1%

TA2 - 20.0%

CIA - 84.6%.

A chi-square analysis of these results was significant,
indicating that the CIA students were significantly more in
favor of recommending the course than were the TA students.
Attitude Measures
Table 11 shows the means for the Dutton and MAI
attitude instruments given at the end of the semester.

An

ANCOVA was done on these Dutton scores with the Dutton
pretest scores used as a covariate.

It did not show any

significant differences among the groups.
A comparison between the pre and post results on this
instrument revealed that the mean for the CIA class went up
by 0.36 (9%), and the others remained virtually unchanged.
A repeated measures analysis was then performed on these
results.

It supported the conclusion that the attitudes of

the CIA students, as measured by the Dutton scale, showed a
significant improvement (p < .01); while those of the
traditional students did not change.
A MANOVA on the MAI results showed significance; but
just as for the MAI pretest, the only significant category
was the students7 perception of the teacher.

Individual

ANCOVA's were then performed on each of the MAI categories
with the corresponding score on the MAI pretest used as a
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covariate, but none of them showed any significant
differences among the three classes.
Table 11
Dutton and MAI fPostl

Class
Category

TA1

TA2

CIA

-0.1

0.1

-0.24

27.6

24.3

28.2

Anxiety

13.4

12.9

12.8

Value

21.4

22.5

22.9

Self-Concept

14.9

16.8

14.9

Enjoyment

16.3

17.8

17.0

Motivation

8.6

7.7

8.9

Dutton
MAI
Teacher

Note.

***

Categories which exhibited significant differences

are indicated by * (p < .05) and ** (p < .01).
‘Significant in MANOVA only.
Once again, a visual comparison between the pre and
post MAI scores suggested that the means for the CIA class
improved in every category while those for the TA classes
remained essentially the same.

These tendencies were tested

by repeated measures analyses which yielded the following
results.

For the TA1 section, there was one significant

change from the pretest; and that was an improvement in the
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students' perception of their teacher (the researcher).

The

TA2 class had no areas which showed any significant changes
from the pretest.

Finally, the CIA class demonstrated

significant improvements in two categories:

(a) their

perception of their teacher (the researcher) and (b) their
anxiety toward mathematics.
Posttest on Functions
Table 12 displays the means for the four components and
for the total score on the functions posttest.
were analyzed in several different ways.

These scores

First, a regular

MANOVA was performed on the four components, with a
corresponding ANOVA on the total score.

Both of these tests

showed significant differences among the three classes (p <
.01).

These results supported the hypothesis that the CIA

students had a better overall performance on this instrument
than did the TA students.
Following the multivariate test on the components, the
univariate tests were performed and revealed significant
differences for the components of modelling and interpreting
(p < .01).

Once again, the contrast (1 1 -2) was used to

compare the CIA class to the other two classes in each of
the significant categories.

All of these tests showed

significant differences between the groups (p < .01).
Similarly, Scheffe's pairwise comparisons indicated
significance differences between the CIA section and each of
the traditional sections for modelling, interpreting, and
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total.

These results supported the hypotheses that (a) the

CIA students performed better them the TA students for the
modelling component, (b) the CIA students performed better
than the TA students for the interpreting component, and (c)
the CIA students performed better overall on the functions
posttest than did the TA students.
Table 12
Posttest

Class
Category
Modelling

TA2

CIA

13.2

12.8

18.5

**

13.1

9.9

17.7

***

9.8

8.8

11.9

8.9

10.1

10.0

44.9

41.6

58.1

**

Interpreting
Translating

TA1

Reifying
Total

**

Note.

Categories which exhibited significant differences

are indicated by * (p < .05) and ** (p < .01).
'Significant in ANCOVA only.
The next step was to perform individual ANCOVA's on
each of the components and the total score using the
corresponding pretest score as a covariate.

All of these,

except for reifying, showed significant differences among
the classes (p < .01).

In each of the significant

categories, contrasts comparing the CIA class with the other
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two classes were also significant (p < .01).

These results

supported the hypothesis that the CIA students were better
than the TA students in all of the categories measured
except for reifying.
In order to test for the possible effects of extraneous
variables, ANCOVA's were then performed on all of the
significant posttest categories with blocking defined for
several factors.

The blocking variables that were used

included the following:

Sex, Age, Math ACT, and each of the

computer background variables (Computer at home, Computer at
work, Computer in other courses, and Taken Comp-Sci
courses).

These tests indicated that neither Sex nor any of

the computer background variables had any significant main
effects or interaction effects on any of the posttest
results.
Blocking by age required that the students be divided
into age groups.
pattern:

This was done according to the following

Age Group 1 (0 - 19), Age Group 2 (20 - 24), and

Age Group 3 (25 or older).

The ANCOVA'S with blocking for

age groups showed no significant main or interaction effects
for any of the posttest results.

This result supported the

claim that the differences in the ages of the classes was
not a significant factor in the posttest results.
Finally, the students were classified into three groups
according to their Math ACT score.
defined as follows:

The ACT groups were

ACT Group 1 (0 - 16), ACT Group 2 (17 -
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19) , and ACT Group 3 (20 or higher).

ANCOVA's were then

conducted with blocking for these ACT groups.

For every

category except translating, the adjusted means were ordered
just as expected.

Thus, ACT Group 3 had the highest score,

followed by ACT Group 2, followed by ACT Group 1 which had
the lowest score.

In the translating category, group 3 was

still the best, but Groups 1 and 2 reversed positions.
These ANCOVA's showed mixed results for the
significance of the effects of this blocking variable.
There were significant main and interaction effects (p <
.05) for modelling, significant interaction effects for
translating (p < .05), and significant main effects for
reifying (p < .05).

None of the other categories were

significant; although some values were marginal, for
example, interaction effects for interpreting (p = .057) and
main effects for total (p = .07).
Departmental Final Examination
The last instrument administered in this study was the
departmental final examination.

This is a two hour, 300

point test which focuses on the skills taught in the
traditional MA161 curriculum.

It is geared specifically

toward the particular curriculum and textbook used for this
course (see chapter 3).

The means for the three primary

classes in this study and for all of the sections pooled
into one group were as follows:
TA1 - 141.5

TA2 - 143.1

CIA - 88.9

All sections - 148.9
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These scores were analyzed from several different
perspectives.

First, a simple t-test was used to compare

the CIA class with all of the traditional sections pooled
into one group.

This test showed significant differences

between the two groups (p < .01).
was performed with three groups:

Following this, an ANOVA
the CIA class, the TA1

class, and all other sections of the College Algebra course
pooled into one group.

This test also proved to be

significant (p < .01).

The findings from these analyses

indicated that the CIA class had scored significantly lower
than the traditional classes on the departmental final
examination.
The next analysis was to compare the three groups of
primary interest in this study:

CIA, TA1, and TA2.

This

was done with both a simple ANOVA and an ANCOVA which used
the Math ACT scores as a covariate.

The ANOVA was

significant (p < .01), which supported the claim that the
two TA classes had significantly outperformed the CIA class
on the final.
.076).

However, the ANCOVA was not significant (p =

The adjusted means for this analysis were as

follows:
TA1 - 138.7

TA2 - 135.6

CIA - 99.1

Therefore, after covarying out the effects of the students'
Math Act scores, the resulting ANCOVA showed no significant
differences among the three classes on the departmenta1
final examination.
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Summary of Quantitative Results
The descriptive statistics on class size and grades
showed that the CIA class had a much lower withdrawal rate
than did the traditional sections of the course.

Since the

failure rates were approximately the same, it follows that
the CIA curriculum achieved a much higher percentage of
successful (passing) students that did the TA curriculum.
The analyses of the status variables showed no
significant differences among the CIA, TA1, and TA2 classes
in terms of gender or algebra background (number of previous
algebra courses). They did indicate that the CIA students
were significantly older that the TA students and they had
significantly lower Math ACT scores.
The four instruments administered at the beginning of
the semester revealed very few significant differences among
the three sections.

There did not seem to be any

significant differences in the computer backgrounds or
experience of the different classes.

The researcher

questions did show that the CIA students expected the course
to be less difficult and more interesting than did the TA
students.

There were also some differences uncovered among

the classes concerning the amount of work that they
anticipated, but this was difficult to locate and analyze.
According to the results of the two attitude scales,
the only significant initial difference in the classes'
attitudes was that the students had a better perception of
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the researcher than they did of the instructor for the other
traditional section.

Furthermore, the analyses of the

pretest on functions did not disclose any significant
differences among the classes in their conceptual knowledge
of functions at the start of the course.
At the end of the semester, the researcher questions
revealed that the CIA students found the course more
interesting them did their TA counterparts.

Also, there

were some significant differences in grade expectations; but
these were mainly between the two traditional sections.
The attitude scales again exposed no significant
differences among the three classes at the end of the
semester, except that the researcher was still perceived
better by the students than was the other instructor.
However, repeated measures analyses of these scales did show
significant improvements for the CIA class on the Dutton
scale and on the teacher and anxiety components of the MAI
scale.

The only significant improvement by the traditional

sections was on the teacher component of the MAI in the
researcher's class (TA1).
The results of the posttest on functions showed that
there were significant differences between the CIA class and
the TA classes even without taking into account the effects
of the covariate.

The CIA students demonstrated a

significantly better conceptual knowledge of functions in
their overall scores and on the individual components of
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modelling and interpreting.

When the corresponding pretest

score was added into the analysis, the CIA students were
also better in the category of translating.

In fact, the

only category in which they failed to significantly
outperform the traditional students was reifying.
After establishing the significance of the differences
on the posttest, the next step was to attempt to rule out
the effects of any extraneous variables.

This was

accomplished by repeating the analyses with blocking defined
for all of the factors considered to have the potential of
producing a confounding effect.

These analyses revealed

that the only factor having any significant main or
interaction effects on the posttest results was the Math ACT
score.
Although the results for blocking by Math ACT were
somewhat mixed, they generally showed that the students with
the better ACT scores also had the higher scores on the
functions posttest.

Not only is it reasonable that ACT

scores should have some significant effects on the students'
posttest performance, this fact actually strengthens the
findings reported here.

This is due to the fact that the

CIA class had significantly lower Math ACT scores, and yet
still outperformed the traditional classes in all except one
category of the posttest.
The results of the departmental final examination
required a careful analysis for several reasons that will be
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discussed in detail in chapter 5.

The differences between

the classes, due to such factors as differential selection
and mortality, and the differences between the curricula,
both in their content and especially in their emphasis, made
this analysis difficult.

Thus, it was approached from

several different perspectives.
First, a simple t-test showed significant differences
between the CIA class and all of the TA sections of MA161
pooled into one group.

Similarly, a regular ANOVA using the

CIA class, the TA1 class, and all other sections pooled as
one group was significant.
Another ANOVA focused on the three classes of primary
interest in this study:

CIA, TA1, and TA2.

It also

indicated significant differences between the CIA students
and the TA students.

However, when an ANCOVA was conducted,

with the students' Math ACT score used as a covariate, the
results showed no significant differences among the groups.
This means that there was not sufficient evidence to reject
the hypothesis that, after adjusting for the effects of the
Math ACT score, the three classes performed equally well on
the departmental final examination.
Qualitative Data
This section provides a description and analysis of the
qualitative data collected in the study.

It begins with an

in-depth profile of the interview subj ects.

This is

followed by the results of the two sets of interviews that
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were conducted.

At the end of each of the two sections on

the interviews, there is a summary of the results and
analyses for that interview.
Several qualifying comments should be made before
reporting the results of these interviews and discussing
their implications for this study.

Because of the

subjective nature of this type of data, they are open to
various interpretations.

The opinions offered here are

merely those of this author and should be taken as such.
Other mathematics educators and researchers may read these
results from different perspectives and interpret them in a
much different manner.
Since the researcher also functioned as the interviewer
for this project, there was the possibility that his
prejudices and biases could influence the results.

A great

deal of time and effort was spent in an attempt to control
for these factors, but it is difficult to completely
eliminate such threats to the validity of the experiment.
Particularly troublesome to detect or control for are the
researcher's influences on the outcome which are operating
on an unconscious level.

These and other potential sources

of contamination should be kept in mind during the reading
of the remainder of this chapter.
Interview Subjects
There were twelve students interviewed in this study:
three from TA1, three from TA2, and six from the CIA class.
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The subjects from TA1 are labelled Tl - T3; those from TA2
are labelled T4 - T6; and the CIA students are labelled Cl C6.

The first interview included eight of these subj ects:

Tl, T2, T4, T5, and Cl - C4.

All twelve of the subjects

participated in the second interview, with the exception of
C2 who dropped out of the study approximately two weeks
before the end of the semester.
Table 13 presents some pertinent information about the
interview subjects.

The selection of these subjects was

guided by the goals of balancing the groups for sex and
representing a range of abilities.

Since this required a

certain amount of prediction by the researcher of the
students' future performances, the process was not perfect.
The groups were balanced for gender, but an examination of
the data in the table indicates that the traditional
students were more talented than their CIA counterparts.

In

particular, the mean of the TA students' Math ACT scores was
21.0, while that for the CIA students was 15.8.

Also, all

of the traditional interview subjects received either an "A"
or "B" for their semester grade; whereas the CIA students'
grades covered the entire range from "A" to "F".

Another

point worth noting is that T5 was so superior to the others
in his mathematical ability that his participation in the
study tended to skew the results somewhat.
Since the interview results that are analyzed later in
this chapter are intended to give a comparison of curricular
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effects on the students' conceptions of functions, they
necessarily present something of a composite effect on a
group of individuals.

In an effort to augment these

'•average" effects, a description of each interview sub ject
is presented here.

Each description includes some general

background information about the subject, their impressions
of the course and algebra, and their ideas about functions.
Table 13
Profile of Interview Subjects

Siobject

Sex

Math
ACT

Dutton
(Post)

Total
(Post)

Final
Exam

Semester
Grade

T1

M

20

-0.95

44

174

B

T2

F

20

0.75

65

253

A

T3

M

11

-1.15

31

181

B

T4

F

23

1.85

57

245

A

T5

M

32

0.35

91

282

A

T6

F

20

0.30

48

210

B

Cl

F

22

1.85

91

185

A

C2

M

16

NA

NA

NA

F

C3

M

16

-0.70

41

14

D

C4

F

14

1.85

71

139

A

C5

M

11

-0.70

59

42

C

C6

F

16

0.55

85

161

B

Note.

NA = not available.
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It should be mentioned that all of these subjects were
treated equally and fairly during the interview process.

A

great deal of care was taken not to influence their
responses or give them any indications concerning the
correctness of their answers.

In turn, they were extremely

pleasant and cooperative and should be commended for giving
of their free time in order to assist this researcher and
contribute to the experiment.
Subject T1
T1 was a 23 year-old senior majoring in physical
education.

He reported no computer experience either at

school or at work.

He did not like mathematics, had a high

level of anxiety about it, and had low levels of self esteem
and motivation in relation to it.

He stated that he had

taken the College Algebra course many times before, "maybe
the most of anybody," and said that he was anxious to get
the course finished.

In his opinion, algebra was not

practical or useful for anything.

He said, "I'm taking this

for the grade, and I'm not retaining a whole lot."
When asked about functions in Interview I, he tried
unsuccessfully to recite the textbook definition (settheoretic) .

In the second interview, he said that he didn't

know what a function was but later talked about them as
equations.

He said that he did not think that functions

were useful, and he couldn't give any examples of their use
outside of the classroom.
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Subject T2
T2 was a non-traditional (over 25 years old) student
majoring in nursing.

She enjoyed mathematics and felt

fairly confident about her ability to do well in the course.
She too reported no experience with computers in the past.
When asked what the main topics of algebra were, she said
that she didn't really know but felt that the primary
purpose of the course was "to increase our ability to work
with numbers...to help students to function in the world."
Word problems, especially those dealing with interest rates,
were an important, albeit troublesome part of the course for
her.
In her opinion, functions described "how something
relates to something else."

She reported that "I kinda

enjoyed them but get them confused with substitution."

It

became evident later in the interview that this was a
reference to composition of functions.

Although she

couldn't think of any examples of functions, she thought
that they were important in mathematics and other areas.
(See Appendix I for a transcription of Interview II with
this subject.)
Subject T3
T3 was one of the four subjects who only participated
in the second interview.

He was a 23 year-old sophomore who

was working very hard to qualify for admittance to SLU's
nursing program.

He had computer experience at work and in
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other courses, including a computer science course.

His

mathematics background was very weak, but he was able to
successfully complete the College Algebra course through
hard work and determination.

His basic approach was to

memorize formulas and procedures without much concern for
understanding concepts.

T3 evaluated his knowledge of

mathematics much better than he realized when he said, "It's
all up in there [his head], but it may not all be
connected."
He confessed to being "scared of the class at first"
and to getting "nervous on math tests."

When asked what the

important topics of the course were, he said that "word
problems are helpful....Don't get me wrong.

I don't like

word problems...but they're helpful to me because they
pertain to realistic things in everyday life, but most of it
[algebra] will never be used."

He didn't remember what

functions were and asked, "Which section were they in, so
that I'll know what we're talking about?"

In his words,

"you must have something equal to something" in order to
have a function.

Furthermore, he thought that a function

had to involve numbers because "the only way we see it in
class and the only way the book has it is with a bunch of
numbers."
Subject T4
T4 was a 25 year-old sophomore who was majoring in
English.

She enjoyed mathematics and was confident in her
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ability in the subject.

She had some computer experience at

work, and she had taken a computer science course.

In her

opinion, the College Algebra course was "very interesting
when I understand what I am doing.
answer."

I like getting the right

To her, the main topics of the course included

graphs, functions, and logarithms.

However, she indicated

that she wasn't sure how useful they were and said, "I don't
know if I will ever use them again."
In the first interview, she stated that she didn't know
what a function was; and she couldn't give any examples of
functions. When asked about using functions in other
courses or in other aspects of her life, she said, "If I do,
I'm not aware of it....I'm not very clear about functions."
In Interview II, she first described a function as "an
equation which is used to solve a problem"; but later, she
claimed that any dependency relation was a function.
Subject T5
T5 was a 20 year-old freshman majoring in management.
He had a computer at home and had previously taken a course
in computer science.

His attitude towards mathematics was

favorable, and he was extremely talented in the subject.
Not only was his mathematics ACT score (32) far better than
any of the other subjects, his score on the departmental
final examination (282) was the highest in the entire
university.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

137
In the first interview, he said that he wasn't sure
what the course was all about, and he didn't think that it
was practical.

He said that "for a lot of people, what is

being taught is not going to be appreciated or useful for
anything... .My only interest in math is that I'm curious
about things... .Math in high school was an unnecessary
chore, like washing dishes that are clean."

By the second

interview, his position had softened somewhat; and he stated
that mathematics was useful for a business career where
"analysis of numbers is important."
His appreciation for functions underwent a similar
evolution from the first to the second interview.

In

Interview I, he said that they were never or rarely used.
Later, in Interview II, he named functions as the most
important topic of the course because "everything has a
relationship to something else; and in a lot of things, you
can find numerical relationships; and functions describe
those."

In both interviews, his examples and discussions

demonstrated an excellent understanding of the function
concept.

However, he insisted that the relationship had to

be numerical in order to qualify as a function.
Subject T6
T6 was the second traditional subject who only
participated in Interview II.

She was a 21 year-old

sophomore, and her major was biology.

She had computer

experience at home, at work, and in other courses, including
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a computer science course.

Although she admitted to being

"nervous about the class at first," by the end of the
semester, she reported that she was doing well and
classified the course as "easier now."
She didn't have an answer for what the most important
topics of the course were, but she said, "Though I hate word
problems, they're the most useful...because they are
practical kinds of things; and I don't know when I'd use
some of the other things, like logarithms."

She defined a

function as "a what if equation," which was a reference to
substituting a value in for x and evaluating a function.
For functions in everyday life, she talked about any kind of
action or activity as being a function.

In her words, "Any

day, when you're doing something would basically be a
function."

Yet, she wasn't able to give any examples of

them.
Subject Cl
Cl was a non-traditional accounting major, who worked
in an office and was the mother of two teenagers.

She had

prior computer experience at home, at work, and in other
courses.

She enjoyed mathematics, considered it to be

valuable, and had a high level of self confidence in her
mathematics ability.
person.

She described herself as "a visual

I learn by seeing, not by hearing, or having it

read to me.

I am a sight learner."

The CIA course was

particularly well suited to her background, talent, and
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conscientious work habits.

In many ways, she distinguished

herself as the best student in the class.
In her two interviews, Cl said that "the course is
mainly about functions, tables, graphs...and the use of
computers to generate answers that would be more difficult
with pen and paper."

She considered algebra to be "an

important instrument used by a lot of people who don't even
know that they are using it."

At mid-semester, she

described functions as "formulas used to generate answers or
a series of answers"; but by the end of the semester, she
had generalized them to be "relationships between
variables."

However, in her opinion, those variables still

had to represent numbers.

She believed that functions were

important and used for "so many things" in everyday life as
well as in the classroom.
Subject C2
C2 was a 23 year-old senior who was majoring in
journalism.

He had prior computer experience at home, at

work, and in other courses.

He did not like mathematics,

and he had low levels of self esteem and motivation in
relation to it.

Unfortunately, he stopped attending class

about two weeks before the end of the semester and didn't
complete the study or the requirements of the course.
During the mid-semester interview, he did say that he
liked the CIA course.

He reported that "it is very

different from other mathematics courses....It's very
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unique....It holds my attention better."

In his opinion,

the course was "very oriented around word problems and
functions."

He described a function as an "output variable

depending on an input variable...the answer at the end of an
equation."

He thought that they were useful in everyday

life and cited examples like budgeting and balancing a
checkbook.
Subi ect C3
C3 was a 23 year-old elementary education major, who
had some computer experience from work and other courses.
He had taken the traditional College Algebra course
unsuccessfully a year earlier, and he reported that he did
not like his previous mathematics classes.
highly motivated in mathematics.

Also, he was not

In spite of this

background, he was extremely enthusiastic about the CIA
curriculum.

In his own words, "I think this course is

great, and I wish that I had been taught this way in high
school."

He went on to say that, "Previously, I had always

tried to memorize my way through math classes, but now the
CIA course makes it easier for me to understand... .I've
never under stood things so fully before."

Some of the

reasons that he cited for this were that:

(a) the CIA

course used more familiar, everyday terms; (b) it used a
"hands on approach"; and (c) it explained "why you are doing
what you are doing" by starting off everything with a
practical situation.
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He described the main topics of the course as graphing
and the real-life examples, the latter of which he described
as "the groundwork that should be taught earlier, and that I
got the most out of."

Functions had "always scared me

before, but now I've learned to think in terms of input and
output which was more meaningful to me."

He gave several

interesting examples of functions from everyday life and
explained them as any cause and effect relationship.

To

him, a function was "a method to derive an answer...the key
to solving a problem."
Subject C4
C4 was a non-traditional student majoring in marketing.
She had a computer at home which she used for her business,
and she had used computers in other courses.

She liked

mathematics, but said that she "had experienced some trouble
with my teachers in the past."

This was probably a

reference to her concern over the confidentiality of her
grades.

Her comments about the CIA class were not only

enthusiastic but also penetrating.

For example, she said

that "This class is all about making you learn how to
think....Not only do we learn math, but we also learn how to
apply it and enjoy it

It is vitally important for every

student to have the opportunity to take this course."
In her opinion, the most important features of the
course were:

(a) "using mathematics on the computer," (b)

"word problems - finding the solutions and what they mean,"
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(c) "using formulas and knowing what the formulas
represent," and (d) "knowing why we do what we do."

She

reported that she liked functions and described them as a
dependency of one variable on another. When asked about
functions outside of the classroom, she gave several
excellent examples of their uses in her business and
commented, "Functions occur on a daily basis."
Subject C5
C5 was a 24 year-old sophomore who was majoring in
management.

He was another of the subjects who only

participated in the second interview.

His ACT score of 11

indicated a very weak background in mathematics; and he
reported that "math is my worse subject.
of math."

I'm kinda scared

In spite of this, he was able to successfully

complete the CIA course.

According to him, "It is easier to

put algebra and computers together to learn algebra than
from lectures on a chalkboard.

It's a hands-on experience."

He went on to say that "it is easier for me to work with
graphs to solve problems.

I'm not as good with formulas."

He had prior computer experience at home, at work, and in
other courses, including a computer science course.
He considered the course to be very useful, especially
for his future career in business, where you "need to work
up models."

However, he also said that "some things in

algebra are beyond me, why I'll ever need them in my life."
When asked about functions, he gave an example of a movie
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theater where the profit depended on the attendance and
ticket price.

The example was good, but his discussion and

explanations were vague and muddled.

He believed that

functions were useful both in the classroom and in other
aspects of life, although he admitted that nonnumeric
functions were confusing to him.
Subject C6
C6 was the last of the four students who only
participated in Interview II.

She was a non-traditional

sophomore whose major was nursing.

She liked computers and

had used them at home and at work.

Having previously taken

the traditional College Algebra unsuccessfully, she claimed
that "math is not logical; but this class [CIA], and the way
it's presented, makes it logical.
into the math.

It applies everyday life

It makes me think of situations rather than

just manipulating the numbers, why you are doing it."
When asked what the most important topics of the course
were, she replied, "I think the functions are applicable
because they carry over into other parts of math.

You can

always fall back on functions if you have a good foundation
in how they work and why they work and how to make a
function out of certain information....1 believe in
functions.

They've helped me a lot."

She described them as

relationships between variables using input and output, and
went on to explain that you could manipulate the input
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values to see the cause and effect.

(See Appendix J for a

transcription of Interview II with this subject.)
Interview I
Interview I was conducted during a two week period in
the middle of the semester.

At this time, the traditional

classes were just finishing chapter 8 of their text,
entitled Functions: and the CIA class had just completed
their chapter 2, Variables and Functions.
Each interview begem with the researcher reading the
introduction to the interview to the subject.

This was

followed by the body of the interview, which consisted of
two questions, each of which was accompanied by a set of
probes.

These questions were designed to allowed the

researcher enough flexibility to pursue whatever course of
exploration was deemed most appropriate for that particular
interview.

Question 1 was given to the students verbally

and was intended to elicit their thoughts about the course,
algebra, and functions.

Question 2 began with a situation

that was given to the students in written form, which was
then followed by a series of probes asked verbally by the
researcher.

The probes were divided into four categories,

each of which corresponded to one of the four components in
the model describing a conceptual knowledge of functions:
(a) modelling, (b) interpreting, (c) translating, and (d)
reifying (see chapter 3).
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It was the goal of each interview to explore the above
topics as thoroughly as possible within the allotted time.
While adhering to the same overall structure for all of the
interviews, the researcher was able to pursue interesting
avenues that presented themselves for investigation in each
case.

This resulted in varying degrees of emphasis and time

spent on the different topics throughout the interviews.
They were all similar, but each one exhibited its own
individual traits and revelations.
The following is listing of the questions and a report
on the information gathered in this first set of interviews.
(See Appendix G for the complete protocol for this
interview.)
Question 1
Question 1 was presented verbally to the students as
follows:
Now that you are just about halfway through the
semester, I am interested in your impressions of the
course. Could you tell me your thoughts about the
course?
What would you say to a friend if they asked you what
this course was all about? What is algebra all about?
In this class we have worked a lot with functions. Can
you tell me what a function is in your opinion?
Can you give me some examples of functions?
Can you give me some examples of how we used functions
to solve problems?
Probes:
a.

Any other examples?

b.

Ask about domain and range.
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c.

Do you think that functions are important?

d.

Have you ever used functions in any other school
subjects? outside of school?

Impressions of Course.

Why?

Since the TA and CIA curricula

were quite different from each other, it is natural that the
two groups varied widely in their impressions of the course.
Some of the TA students liked the course, and others didn't.
In general, they found it relatively, but not overly
difficult.

The CIA students were all very enthusiastic

about their course and felt that it had been pretty easy up
to this point.
More specifically, T1 said that he had taken the
College Algebra course many times before; but this was the
first time that he understood it.

He credited this to an

improvement in his attitude and maturity and to the
researcher.

However, he also reported that "I do not have

many good things to say about the course....It's about a
bxanch of stuff that I'm not ever going to use again.
not practical."

It is

T2 mentioned her difficulty with word

problems, claiming that "If I have formulas, I can
manipulate the numbers and figure it out; but if I have
words, I can't picture the numbers always....It's more
abstract.

I'd rather have something concrete to work with."

T4 said that "The course is interesting to me, but probably
not to most of the others"; and T5 commented that "Most
students try to memorize their way through the class....It's
painstaking for a lot of people."
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In the CIA group, C2 and C3 said that they liked the
laboratories and thought that the computers helped them.

C3

described the class as "college algebra in simpler and more
modern terms."

Both he and others said that it was easier

to understand because it explained "why."

C4 was the most

enthusiastic about the course, claiming that "math was fun
and interesting again."

She said that she particularly

enjoyed the comraderie that developed among the students as
a result of their working together.
In response to the question which asked what the class
was all about, the TA students expressed vague and negative
opinions.

For example, T2 said that it was about

"increasing one's ability to work with numbers"; and T4
talked about graphs, functions, and logarithms as
differentiating this course from high school algebra.

At

first, T5 said that he didn't know what the class was about;
but then, he decided that it was about "finding solutions to
equations, I guess."

Both T1 and T5 added that it was not

practical.
The CIA students were much more definite and positive
in their responses to this same question.

Cl said that the

main topics of the course were "functions, tables, and
graphs."

C2 also mentioned functions in addition to word

problems as the main topics.

C4 cited a number of important

features, including "teaching more thorough reading, problem
solving, and applying mathematics to everyday life."
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Algebra. Many of the students' responses about algebra
overlapped their answers concerning the course.

Again, the

TA students' opinions were inexplicit and critical.

For

example, T1 and T5 said that algebra was not about anything
useful.

T2 said that she didn't know what it was all about.

T3 talked about not having done logarithms, functions, or as
much graphing in earlier algebra courses.

T5 remarked that,

in everyday life, "I've only used simple level mathematics
occasionally, and I've never used functions.”
In contrast, the CIA group's answers demonstrated
definite, positive opinions regarding algebra.

Cl said that

"it is an important instrument for determining numbers and
measurements, used by many who don't know that they are
using it.”

Both C3 and C4 talked about problem solving and

applying mathematics to real situations, or everyday life,
as important aspects of algebra.

They also mentioned using

calculations, formulas, and graphs to solve and understand
problems.
Functions.

Even at this point of the semester, there

was a substantial difference in the way that the two groups
described and gave examples of functions.

In general, the

tendency among the TA students was to try (unsuccessfully)
to recall the textbook definition for a function; whereas
the CIA group talked about dependencies between variables.
Also very apparent was the difference in the value placed on
functions by the two groups.
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Some specific comments made by the traditional subjects
were as follows.

T1 defined a function as "a sequence of

numbers where the x-variable is not the same."

T4 said that

she knew there was a definition, but she didn't know it.

T2

and T5 said that functions describe how a relationship
works, or how something relates to something else.

Both T1

and T5 said that functions were not important or useful, and
T5 was the only one in his group able to give an example of
a function.
All of the CIA students described functions in terms of
a dependency of one variable on another, and they all
considered functions to be important both in and outside of
the classroom.

Each one was able to give several examples

of the use of functions in their everyday life.

In

particular, Cl gave several examples related to her work at
the office; and C4 described numerous examples of functions
involved in her dairy business and in the preparation of
different baking recipes.
As a definition for a function, C3 said that "it was an
operation used to analyze a situation or solve a problem,
when a certain pattern was involved."

C4 added that

"functions were a way to generate and evaluate a lot of data
in order to analyze a situation."

Finally, both C3 and C4

reported that they did not understand functions before; but
they did now because of their participation in the CIA
course.
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Question 2
The following situation was presented to the subjects
in written form, and they were asked to read it aloud.
The senior class decides to install a candy machine at
school to make money for their graduation dance. The
rental for the machine is $10.80 per week. The class
must pay $0.25 for each candy bar which they in turn
can sell for $0.40.
They were then asked questions selected from a pool of
probes that were divided into the four categories of
modelling, interpreting, translating, and reifying.

The

following is a report of their responses organized
accordingly.
Modelling.

The list of modelling probes was as

follows:
a.

Calculate the weekly cost to the class for 80 candy
bars, the revenue.

b.

Calculate the number of candy bars corresponding to
a weekly cost of $70.80. a revenue of $132.00.

c.

Write an equation for the weekly cost (C) as a
function of the number (n) of candy bars purchased,
for the revenue.

d.

Find the number of candy bars which would make the
class break even.

The students in both groups were generally able to
answer questions (a) - (c) correctly after a varying number
of errors in calculations and reasoning.

Question (d) was

answered correctly by two of the four students in each
group.

When T1 discovered some mistakes he had made in this

section, he made the comment, "I do things quickly in math
and get them wrong."

Others in both groups, most noticeably
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T2, seemed very unsure of their answers; and they did not
know how to verify them when they were questioned.
Both groups exhibited some confusion about the notation
and terminology used with functions.

For example, T4 was

undecided about whether to write f(C) or f(n) to express the
cost as a function of the number of candy bars; and C4
initially used f(C) as "the function of the cost" in the
same situation.

Some of the terms used in the problem,

especially "revenue," caused difficulty for both groups, but
more so for the traditional subjects than the CIA students.
Their common problem in this regard was to confound revenue
with profit.
The CIA students were more inclined to use functions
and function notation in their problem solving attempts.
They seemed to use functions and general formulas more
naturally than the TA students, but they also tended to make
more mistakes in their calculations.

This last finding was

probably related to the fact that technological tools were
used in the CIA curriculum for most of the calculations.
Another noticeable difference about the CIA subjects at
this point was the frequency with which they referred to the
problem situation.

In particular, Cl and C4 continually

thought about the meaning of their results in terms of their
consequences to the real life situation; and they used this
type of thinking to help them answer the questions.

For

example, C4 mentioned not having to consider negative values
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for the cost and revenue graphs because these values didn't
make sense for this situation.

Cl combined the idea that

the class was interested in a profit with the fact that the
break-even point was 72 candy bars to guide her selection of
an appropriate range of values for her graphs.

These kinds

of strategies were not so evident in the problem solving
attempts of the TA subjects.
Translating.

The following is a list of the probes

that were available for the translating component:
Start with the equations for revenue and cost.
a.

Make a table of values for each of the functions.

b.

Draw graphs of the two functions on the same axes.

c.

Estimate some values from the graphs.

Refer to the equation for the profit function.
d.

Graph the profit function.

The results in this area were mixed for both groups.
The two major problems encountered here involved the
inability of the students to properly scale their graphs or
to select points which produced a meaningful range of
values.

It was again evident in this section that the CIA

subjects made more frequent references to the problem
situation to help with their solution attempts than did the
TA subj ects.
In the traditional group, both T4 and T5 were able to
produce meaningful graphs; although even they suffered
through some initial missteps.

T1 and T2 chose input values
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that were much too limited (between 0 and 7), and they used
very unusual spacing of points.

This combined with poor

scaling of the axes to produce very misleading graphs.

For

example, they both concluded that the cost and revenue lines
were parallel, indicating that the class could never make a
profit.
The CIA students experienced some similar problems with
scaling and with selecting an appropriate range of values.
C2 and C3 were unable to produce correct graphs because of
their confusion about these factors.

The graphs for C4 were

essentially correct, but somewhat misleading; and she too
concluded that the lines were parallel.

Cl was the only

subject in either group who was able to draw excellent
graphs with appropriate scales and ranges.
A noteworthy comment was made by C4 at this point in
the interview.

As she was discussing the implications of

her graphs, she paused and remarked, "It's interesting when
we can talk math, and it doesn't intimidate us."
Interpreting.

The pool for the interpreting component

of the function model contained the following items:
Start with the graphs of the cost and revenue
functions.
a.

Ask questions about profit, loss, and break-even in
terms of the graphs.

Use the graph of the profit function.
b.

Ask about key values (break-even, profit for zero)

c.

Ask about type of function, rate of change, slope,
intercepts.
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d.

Ask for interpretation of equations like
P(100) = $4.20
P(0) = -$10.80
If n > 72, then P(n) > 0 .

These probes were the last in the sequence established
for this interview.

Since most of the students spent a long

time working on the graphs, there was not much of an
opportunity to explore their interpreting abilities.

Also,

the inaccuracy of many of their graphs hindered the
subjects' ability to interpret them correctly.

From the

traditional group, only T5 was able to properly relate
various aspects of the graph to the problem situation.
Although all of the subjects in the CIA group continually
interpreted the questions and answers in terms of the
problem situation, they too had only one representative, Cl,
who excelled on this particular question.
Most of the interviews ended with the students' being
asked to express in words the information conveyed by the
equations and inequalities in probe (d) .

They all seemed to

be able to do this rather easily.
Reifying.

The list of probes available for this

component was as follows:
a.

Calculate the profit for selling 80 candy bars.

b.

Can you write an equation for the profit (P) as a
functions of the number (n) of candy bars?

c.

How could you use this equation to calculate the
break-even point?
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Suppose the class decides to donate 10% of their profit
to charity.
d.

Find the donation for n = 100.

e.

Write donation (D) as a function of n.

Since there was not much time available for exploring
reification in this interview, it was probed more
extensively in the second interview.

However, all of the

subjects were given the opportunity to name the type of
functions that were involved in this situation; and most of
them had a chance to answer at least parts (a) and (b) as
listed above.

Only Cl was able to complete all of the

probes in this section.
In the traditional group, T4 didn't know that the
functions were linear; and T1 used the term "nonlinear” to
indicate inequalities.

T1 and T4 had time only for part

(a), which they answered correctly; and T5 answered only
part (b) correctly.

T2 did not have time to attempt any of

these questions.
The CIA subjects fared somewhat better in this
category.
functions.

All of them knew the term "linear” for these
C2 answered part (a) correctly, and C4 completed

through part (c) correctly.

C3 was not completely correct

in his answers to any of these questions, but his
explanations and attempts did indicate some degree of
understanding in this area.

Once again, Cl distinguished

herself by correctly answering all of the probes in this
section.
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Quantitative Analysis
In an effort to apply some quantitative measures and
analyses to this qualitative data, a coding system was used
to evaluate the subjects in each of the four components of
the function model.

After reviewing the interviews, the

researcher rated the subjects from very poor (0) to very
good (4) in each categories.

The ratings were determined by

generally deducting one point for every two mistakes made
within a category.

The means for each group were then

calculated and are displayed in Table 14.
Table 14
Component Means for Interview I

Group
Component

TA

CIA

Model

3.25

2.50

Interpret

2.00

2.25

Translate

2.00

2.25

Reify

1.50

2.00

Average”

2.19

2.25

“Average = average of the four components.
These ratings were necessarily subj ective on the part
of the researcher, even though steps were taken to objectify
the process as much as possible.

Specific criteria were

used to determine the ratings in each category, and the
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interviews were rated twice at approximately a one month
interval.

For the few cases in which there were differences

between the two ratings, the average of the two scores was
used.

Nevertheless, because of the subjective nature of

this process, no statistical tests were performed on these
data.

Some comparisons were made and some interesting

trends noted, but no definite conclusions were drawn from
these results.
The means, as displayed in Table 14, revealed only some
minor differences between the two groups of subjects at this
time.

The difference in the scores for modelling was mainly

a reflection of the greater number of calculation errors
made by the CIA students.

The means for interpreting and

translating were essentially the same, and the means for
reifying indicated that the CIA students were judged to be
slightly better than their TA counterparts in this last
component.

Finally, the average of the means suggested that

the overall performances of the two groups were nearly equal
in this interview.
An additional feature of this table was that it allowed
for a comparison to be made among the scores for the
different components of the function model.

For example,

the scores on the reifying component were lower than those
of the other components, suggesting that it may be the most
difficult one for the students to master.

After noting that

the means for both groups formed a similar pattern, a
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ranking of the components in order of relative difficulty
was hypothesized.

First was reifying which seemed to be the

most difficult, followed by interpreting and translating
which appeared to be approximately equal in terms of
difficulty, followed in turn by modelling which looked like
the most accessible component.
Summary
The responses to Question 1 revealed major differences
in the two group's impressions of the course at the midpoint
of the semester.

While the traditional students were mixed

in their feelings about the course, the CIA students were
unanimously very enthusiastic about their curriculum.

In

general, the TA students classified their course as not very
useful, whereas the CIA students believed that the practical
applications were one of the strongest features of their
class.

Also, the traditional curriculum was perceived as

more difficult than was the CIA curriculum at this time.
The CIA subjects demonstrated a better understanding of
and appreciation for what were the main topics of the
course.

They seemed to agree that the class was mainly

about functions, tables, graphs, solving problems, and using
computers.

The TA students were apparently not very clear

on what their course was all about.
In relation to functions, the traditional students,
with the exception of T5, did not appear to know what
functions were; and they could not give examples of them or
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their uses.

The CIA group described functions as

dependencies between variables.

They were able to give

examples of them both in and outside of the classroom, and
they indicated that they considered functions to be
important in everyday life.
Question 2 revealed similarities as well as differences
between the groups.

Throughout the problems in this

section, the CIA subjects made noticeably more references to
the actual situations them did the TA subjects, and they
used these references to help in their problem solving
attempts.
In the section on modelling, most of the students in
both groups could solve the problems satisfactorily.
However, the CIA students made more use of functions and
general formulas in their problem solving efforts.

Also,

they were less skillful in their calculations and
manipulations than were the TA subjects.
Both groups had some difficulties with the problems
involving translations.

Particularly evident was their

inability to properly scale their graphs or to select values
which produced a meaningful range of values for the graphs.
These difficulties led to vague or incorrect attempts to
interpret these graphs in terms of the problem situation.
The other interpretation tasks of translating equations and
inequalities into words were handled rather easily by all of
the subjects.
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In response to the probes relating to the reifying
component, the CIA subjects were slightly more familiar with
the terms and properties of linear functions than their TA
counterparts.

However, due to time constraints, most of the

interviews had to be concluded before this area was probed
very thoroughly.

Interview II addressed this issue much

more fully.
Finally, the quantitative analysis of Interview I
suggested that at this time:

(a) the traditional students

were slightly better in modelling; (b) the two groups were
essentially equal in interpreting and translating; (c) the
CIA students were slightly better in reifying; and (d)
overall, the two groups were nearly equivalent.

It also

suggested a possible ranking of the different components in
the order of relative difficulty (from most difficult to
least difficult) as follows:

(l) reifying, (2). interpreting

and translating, and (3) modelling.
Interview II
Interview II was conducted during the last two weeks of
the semester.

At this time, both classes had just about

finished their respective syllabi and were reviewing for the
departmental final examination.

This second interview was

designed to explore the same topics as Interview I, but the
questions and the areas of emphasis were a little different.
Once again, the overall structure and pool of questions were
the same for all subjects; but the process was flexible
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enough so that each interview was unique.

As each subject

revealed areas which invited exploration, those that were
deemed appropriate to this study were pursued.
There were five questions, each with its own series of
probes, that were available to the researcher in this
interview.

Question 1 was the same as in the first

interview, except that it now contained some additional
probes relative to functions.

As a result, much more time

was spent here discussing the students' conceptions of
functions than in Interview I.

Most of the subjects used

about half of the time allotted for the entire interview
during this segment.

One reason for this was the fact that

many of the subjects, particularly some in the CIA group,
presented very interesting examples of functions which the
researcher felt were worth exploring in depth.

Also, there

were more probes conducted into concepts related to
functions, such as domain and range or the process of
combining functions.
The remaining four questions were designed to
investigate the students' abilities in the different
components of the theoretical model for functions. Although
each question was intended to focus on a specific component,
all of the components were examined throughout the interview
process as appropriate opportunities presented themselves.
Question 2 targeted the reifying component by probing the
students' knowledge of the properties of linear functions in

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

162
its various representation systems.

This component was also

explored during the general discussions about functions in
Question 1.

Question 3 concentrated on the modelling

ability of the subjects, but it included some translation
tasks as well.

Question 4 tested the students' proficiency

in interpreting, and Question 5 addressed all four of the
components in the context of a quadratic model.
The complete protocol for this interview is given in
Appendix H.

Two of these interviews, those for T2 and C6,

have been transcribed in their entirety and are contained in
Appendices I and J respectively.

Also included in these

appendices are copies of the subjects' written work from the
interviews.
The following is a listing of the questions together
with a report of the subjects' responses to those questions.
Note that the CIA group was reduced to five subjects at this
time because of C2's unofficial withdrawal from the course.
Question 1
Question 1 was presented verbally to the students as
follows:
Now that you have just about finished the semester, I
am interested in your impressions of the course. Could
you tell me your thoughts about the course?
What would you say to a friend if they asked you what
this course was all about? What is algebra all about?
In this class we have worked a lot with functions. Can
you tell me what a function is in your opinion?
Can you give me some examples of functions?
Can you give me some examples of how we used functions
to solve problems?
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Probes:
a.

Any other examples?

b.

Ask about domain and range.

c.

Do you think that functionsare important?

d.

Have you ever used functions in anyother school
subjects? outside of school?

e.

Is it possible to have functions which don't
involve numbers? examples? Teacher - grade
example.

f.

Ask about combining functions (their examples).
this process a function? Domain and range?

Impressions of Course.

Why?

Is

The discussions about the

course in this part of the interview focused on two general
topics.

The first of these concerned the subjects' feelings

about the course and its usefulness, and the second involved
their views regarding what the most important topics of the
course were.
The responses of the traditional algebra students
relevant to the first topic were mixed.

They ranged from

Tl, who did not like the class and reported that he was
"really anxious to get out of algebra," to T4 and T5, who
classified it as a good, valuable course.

However, none of

the TA subjects exhibited any enthusiasm for their class;
and several mentioned being anxious about it.

These

students also offered a range of opinions on the usefulness
of the traditional curriculum.

Tl stated bluntly that, in

his opinion, algebra wasn't practical.

Several of them

mentioned interest rate problems and word problems as being
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useful but said that most of the other material was not.

T5

thought that the ability to analyze numbers would be useful
to him in his future business career.
In contrast, the CIA students were all positive in
their opinions of the course; and most of them were very
enthusiastic.

They talked about the CIA class as being more

practical and more modern.

They said that they learned

better by working with practical situations, that algebra
was easier to understand with the computers, and that the
course explained "why" things worked the way they did.
The following excerpt from the interview with C3
demonstrates the types of impressions of the course reported
by the CIA group.

(The interviewer is indicated by IR and

C3 by his code.)
C3:

I've enjoyed the course. I really have. Every chapter
and everything we've done, I've recognized in other
math classes that I've had; but I've never really
understood it this fully as I did until I got into this
class.

IR:

Yeah.

C3:

Well, I don't want to be redundant. I don't want to
repeat what I've said before, but it's more practical.
It's more everyday usage, and I think that's, I think
on the survey you gave us in class when you asked us if
we thought that we could use this, if what we learned
we would use in everyday life. Some of the things that
we're going over now, since we're having to prepare for
the final and all [the departmental final examination],
where it's just basically memorizing formulas and
knowing when to do what, that I don't see as being very
practical to me in everyday usage out of college. But,
what we have learned in class, in CIA and all that, I
see as very practical because it's applied in more
practical terms; and I can see it in more of a
realistic sense instead of just memorizing formulas and
that kind of stuff. You know, memorization is

Why do you think that is?
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memorization; but I'm usually better, I learn better
when I have a practical situation to understand,
something tangible.
IR:

Yeah, well that's one of the basic tenets of the
course.

C3:

Yeah.

IR:

To do everything from a realistic problem situation.

C3:

Right, right. I mean, I'm just not very good at just
regurgitating facts. I have to have some reason as to
why I'm regurgitating all those facts. You know, I
don't like to just. Rote memory has never gone over
with me very well. I don't know why. It just hasn't,
but this. I can't think of all the years and all the
time I could have saved if I had been taught, if
someone had just taught me math in this manner. And I
seriously mean that....In the past, math just really
hasn't been my thing; but the reason that I think it
hasn't is because different people learn differently;
and maybe this [traditional algebra] doesn't apply to
me in a way that I can learn it. Whereas this [CIA] is
much easier. I mean, this is great. If I had learned
it this way a few years ago, maybe I would have taken
161 [College Algebra] and all the other math classes I
still have to take a long time ago.
Another of the CIA subjects to express some very strong

positive feelings about the course was C4.

In addition to

some of her previously cited remarks on this topic, she made
the following comments:
After having this course, I find that picking up a math
book, that I can help myself. You know, that I can
work it out, a problem out. ...It's because we learned a
way to tie it in. You know, when it's explained in the
book, where before I couldn't tie things in together.
I didn't know how to think correctly...It's sorta nice
to feel that, to feel more in control, instead of
afraid of math.
In response to the queries concerning what the main
topics of the course were, the TA students again gave a wide
variety of responses.

Soma were critical - "not anything
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useful" (Tl) ; some were vague - "helping us to function in
the world" (T2), "don't know" (T6); and others were more
appropriate - "functions and graphing" (T4 & T5).
The responses of the CIA group were more positive,
explicit, and accurate.

They mentioned the use of

computers, graphing, meaningful situations, word problems,
and functions as the main topics of the course.

C3 added

that the realistic examples really interested him,
particularly the ones about the automobile races, and
provided a "groundwork" which increased his understanding.
C4 stated that the CIA problems taught them "how to find
solutions and what they mean...and what the formulas
represent."

C5 described how the computers made it easy to

find optimum values in business applications.
Functions. The discussions of functions in this part
of the interview covered essentially four different areas:
(a) descriptions and examples of functions, (b) domain and
range, (c) functions without numbers, and (d) combining
functions.

The subjects were first asked to define a

function and to give examples.

Then, they were questioned

about the domain and range relative to their examples.
Next, they were asked about the possibility of functions
which did not involve numbers.

During this portion, the

researcher presented an example of a teacher assigning
letter grades to a list of names (the class roll) and
questioned the students about whether this was a function,
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what were its domain and range, and so forth.

The final

area of this discussion involved probing the subjects'
thoughts about combining functions.

They were asked to

combine two functions that they had given as examples; and
then, they were questioned about that process.

For example,

"Can this process itself be considered a function?

If so,

what are its domain and range?" and so forth.
Most of the traditional students described functions
as equations.

Even though Tl, T2, and T3 initially said

that they did not know what functions were, they later gave
equations as examples.

Both T2 and T6 also talked about

functions in terms of the nonmathematical definition of this
word, namely, as any actions or activities.

For instance,

T2 gave the following as an example of a function which
didn't involve numbers, "A committee functions if each
member of the committee functions."
T5 was the only member of this group to define a
function as a description of a relationship.

However, he

qualified this definition by insisting that the relationship
be numerical; and he frequently referred to functions as
"formulas where you can determine the y by plugging in the
value of x."

T3 also thought that functions must pertain to

numbers, but the other TA subjects accepted the notion of a
function which did not involve numbers.
All of the CIA subjects described a function as a
relationship between variables.

They spoke about dependency
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relations involving input and output and about cause and
effect situations.

They were unanimous in the opinion that

functions occurred frequently in everyday life outside of
the mathematics classroom.

C3 commented that "I was always

scared of functions before....Now, I understand f(x) easier;
since the whole class started off working with functions."
C4 pointed out that functions "can work in graphs and
charts...and they can be used to make predictions."
These answers can be traced directly back to the
corresponding instruction, examples, and exercises used
throughout the CIA curriculum.

Functions are defined as

relationships between variables, and they are illustrated by
numerous examples which emphasize this type of conception.
The students are constantly required to analyze and describe
the input and output variables for the functions involved in
the various mathematical models.

These functions are given

in the different representation systems, which allows the
students to become familiar with formulas, tables, and
graphs.

Finally, since every section begins with a

realistic situation to be modelled and explored, the CIA
students quite naturally develop an awareness of and
appreciation for functions in everyday life.
The examples of functions given by the subjects also
revealed some striking differences between the two groups.
The traditional group tended to give formulas and equations,
while the CIA subjects presented situations.

Even when the
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latter group was specifically asked for examples with
formulas, they insisted on describing situations which their
formulas represented.

This was a result of the emphasis

that the CIA curriculum placed on using concrete situations
as the starting points for every lesson.

Also, the students

in the CIA class were continually asked to interpret their
results in terms of these situations.
C4 gave some engaging examples of functions which she
saw evident in her dairy business.

The following is a

transcription of that portion of her interview, beginning
with her responses to the teacher-letter grade example.
(The interviewer is indicated by IR and C4 by her code.)
IR:

[Teacher-grade example]

Is that a function situation?

C4:

Yes, that is a function because with each name, there's
only one grade. For each input value, there's only one
output value.

IR:

What's the input, and what's the output?

C4:

The input is the name, and the grade is the output,
what you find.

IR:

Oh, good.

C4:

That's how we feed our cows now?

IR:

How's that?

C4:

The amount of milk they produce. Then, we give them
that amount of feed depending on how much input, how
much milk they give us.

IR:

Uhum.

C4:

Then, that's how we calculate how much feed each one of
them gets.

IR:

Oh, each individual cow?

[Pause]
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C4:

Each individual cow.

IR:

Is that a function?

C4:

Yes.

IR:

What's the input, and what's the output?

C4:

When the cow gives, uhm. For every two pounds of milk
she gives us, we give her one pound of feed.

IR:

Oh, good.

C4:

It pays off in money too.

IR:

How's that?

C4:

Because if you use that function, then you haven't
wasted feed; and, I mean, 'cause after you've given a
cow so much, she's not going to give you any more,
regardless. So, that's wasted feed.

IR:

Well, how did you figure out, uhm?

C4:

[Interrupts]

IR:

Right, but how did you know how to set the ratio, the
amount of food to give them for so much milk?

C4:

Put it into the formula.

IR:

Someone else came up with this formula?

C4:

Uhum.

IR:

And how does the formula go?

C4:

Two to one. For every two pounds of milk a cow gives
you, you give her one pound of feed.

IR:

Oh, could you write out the formula?
that out in terms of an equation?

C4:

Yeah. [After some discussion and prompting from the
researcher, she arrives at the formula f (x) = l/2x. ]
Oh, yes, that's it. Because for every pound of milk
that they produce, we give them a half a pound of feed.
And so, when you plug in the x here, you get the result
here.

IR:

Do you give them anything else besides feed?

Yeah, that's nice.

I like that.

We weigh their milk.

So, uhm.

We keep a record.

Could we write
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C4:

Pasture.

IR:

Is anything else based on how much milk they produce?

C4:

Not at this point, but we will be doing it this summer,
now that I understand how to work it.
She went on to describe an example of an inverse

relation, in which the amount of pasture time for each cow
was increased if their milk production was too low.

This

part of the interview ended with her saying the following:
This is the first time I've taken a math class that my
husband has gotten really interested in. He thinks
it's worth the time away from the farm because he
already sees the effects of my being away from the
farm, to come back because it's going to add up to
money for us because it's useful.
In response to questions about functions that didn't
involve numbers, some of the other CIA subjects, Cl and C6,
said that they weren't sure but didn't think that this was
possible.

C5 claimed that it was possible to have such

functions but said that he found them confusing.

At this

point in the interview, Cl quite appropriately questioned
whether any of their in-class examples of functions had not
involved numbers.

Since neither of the two curricula had

exposed the students to any nonnumeric functions, their
answers to these questions were understandable.

The other

CIA subjects did accept functions which didn't involve
numbers, and each gave very interesting and appropriate
examples from their daily lives.
One of the more imaginative examples of this type of
function was proposed by C3.

He described a situation in
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which his wife's anger was a function of his taking out the
garbage or washing the dishes.

He explained it as a cause

and effect relationship, in which, how well he did the
chores around the house determined how angry his wife would
feel toward him.

According to him, the input was negative,

his lack of doing the chores; and the output was the degree
of his wife's anger.
When questioned about domain and range, the traditional
group generally replied that the domain was related to the
x-values and the range was related to the y-values.

Only

two of these subjects were able to correctly identify the
domain and range of the examples that they had given.

Two

others of them added that the answers were usually all real
numbers.

In particular, T3 demonstrated a great deal of

confusion about these concepts.

He somehow equated finding

domains and ranges with graphing linear inequalities,
including choosing test points and shading regions of the
cartesian plane.
Relative to the nonnumeric examples, the traditional
subj ects were generally unable to identify the domain and
range.

T6 was the only member of this group to correctly

identify the domain and range for the example of a teacher
assigning letter grades to a list of student names.

All of

the others either said that they didn't know, or they got
the answers wrong.
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The CIA students were not as comfortable with the terms
domain and range because their curriculum used the
terminology input and output values.

C3 commented that

domain and range had always been "fuzzy, vague terms" to
him; whereas input and output were more understandable.
Still, two of this group gave answers similar to the TA
responses about x-values and y-values; while the others
continued to talk in terms of input and output.

In general,

they were all able to correctly identify the domains and
ranges for their examples.

C6 gave an nice example of a

function in which a student's grade in the course was a
function of how many times he/she attended class.

Then, she

explained that the domain was "the days, the number of times
you attended class" and the range was the grade.
The nonnumeric examples seemed to cause fewer problems
for them than they did for the TA students.

C4 demonstrated

a particularly good grasp of the teacher-grade example.

As

cited earlier, she explained that this was a function
because "for each name, there was only one grade.
input, there was only one output.
and the output is the grade."

For each

The name is the input,

Most of the other CIA

students were also able to properly state the input and
output variables for this example.

The superiority of the

CIA students in this section can be attributed to the fact
that this type of analysis was continually demanded by the
CIA exercises and explorations.
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The questions about combining functions were intended
to probe the subjects' levels of abstraction in treating
functions as objects operated on by higher level processes.
In this section, the traditional group generally responded
by doing composition of functions even though no particular
method of combining had been suggested.

There were some

errors, but the majority of them could perform the
appropriate substitutions.

However, their explanations of

the process and their responses to the researcher's
questions suggested that they were following a memorized
procedure without really understanding what they were doing.
T3 and T6 got very confused at this point and were unable to
successfully calculate the composite function.

In fact, T6,

who described the process as "plugging in," said that "I'm
confused on this part.

I'm not really sure what to do."

Even T5 exhibited some confusion about this topic and talked
about the similarity between composition of functions and
solving systems of equations.

T4 made some comments here

about herself which actually characterized the entire group
very well.

She said, "I'm not very clear on the process of

combining.

I don't know exactly what I'm doing when I do

it."
Three members of the TA group were willing to classify
this process as a function.

Yet, the reasons that they gave

indicated that they didn't actually comprehend the situation
or the question being asked.

It was clear that they were
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interpreting the question as asking whether the result of
the composition (the composite function) was a function.

In

the case of T2, this was evident from her responses to the
follow-up questions about domain and range.

She said that

"the domain would be the same as one of the original
functions...and the range would be one plus the domain [Her
second function was g(x) = x + 1]."

(See Appendix I for a

transcription of her interview and a copy of her work.)
Neither of the others could correctly identify the domain
and range or even give any meaningful answers.

For example,

T3 said that he didn't understand; but that his approach
would be to graph both of the original functions and shade
the appropriate regions.
The responses of the CIA group in this segment of the
interview were generally similar to those of the TA group.
They also tended to choose composition of functions over
some of the easier ways to combine functions.

Since

combining functions was not a topic covered in the CIA
curriculum, it had been presented to this group by the
researcher during their preparation for the departmental
final examination.

Thus, both groups received comparable

instruction in this area, which probably accounts for the
similarity of their answers.
Cl created an especially good example at this time by
describing a realistic situation which called for the
composition of two functions.

She proposed that she was
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selling daiquiris at the local strawberry festival, and that
her employees would receive a bonus (B) equal to 5% of the
profit (P).

The profit function was to be $1 per daiquiri

minus a fixed cost of $250.

She wrote the following two

formulas:
B(P) = .05P

and

P(x) = l.OOx - 250

When asked about expressing the bonuses directly in terms of
the number of daiquiris (x), she correctly made the
following calculations:
B(x) = .05(lx - 250)
B(x) = .05x - 12.5
In addition to Cl, there were three others in the CIA
group who expressed the opinion that this process was itself
a function; but, just as the traditional students, they
appeared to not completely understand the situation.

For

example, it was clear that C3 was misinterpreting the
question and answering that the result of the composition
was a function.

Cl and C6 seemed to best comprehend the

complexity of the question, but they both answered that they
weren't really sure of the answer.

C6 said that the process

was definitely function related, but that "Correlation is
more what I get...you're looking at how two things affect
one thing."

It is also worth noting that C6 was the only

subject in either group to list all of the arithmetic ways
of combining functions in addition to both directions for
composition (see Appendix J for a complete transcription of
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her interview ana a copy of her work).

There was one member

in this group, C4, who did accept this process as a function
and also correctly identified the domain or range.
Modelling
The modelling component was addressed by both Question
3 and Question 5 in this interview.

The following presents

the questions as they were asked and gives a report on the
subjects' responses.
Question 3 .

Question 3 was presented to the students

as follows:
3.

The table below gives the average price of a new home
in Smalltown, USA for every two years since 1980.
Year

Price

1980

50,000

1982

53,000

1984

57,500

1986

62,000

1988

67,000

1990

70,000

1992

74,000

Probes:
a.

What

would you predict forthe price in 1995?

b.

When

would you predict theprice to be $100,000?

c.

Write the equation expressing price as a function
of the year.

d.

Draw

e.

Ask about annual rate of change, slope, and
intercept.

the graph of the dataand the equation.
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The basic intent of this question was to have the
students model a realistic situation using data as their
starting point.

This is frequently the way that problems

must be approached in the real world, but not so often in
traditional algebra courses.

Also, the numbers were

selected to approximate a linear pattern, but they did not
fit any pattern exactly.

In addition, there were some

probes available here which involved translation tasks.
All of the traditional students began this problem by
calculating the differences in price and searching for a
pattern in the increases.

When no pattern revealed itself,

several of them gave up and pronounced the problem
unsolvable.

After being urged to continue and to calculate

their best estimate, these subjects used methods similar to
the other members of their group, namely, various techniques
for guessing or estimating a rate of increase.

For example,

Tl estimated an increase of $4,000 per year (the correct
answer), which he explained as follows, "That seems to be
the mean since the highest increase was $5,000 and the
lowest was $3,000."

T2 got stuck and had to be prompted to

estimate the annual rate of increase.

She then just looked

at the numbers and guessed $4000 per year without any
explanation.

Both T4 and T6 made estimates based on

patterns that they imposed on the data although they
admitted that they weren't really sure what to do.

At this

point, only T5 actually attempted to compute an average of
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the price increases; but a calculation error caused him to
get an incorrect mean of $3700.

Then, all of these students

incremented the price sequentially until they reached the
year 1995.

Three of them were able to obtain the correct

answer to the first probe in this manner.
Their next step was to again increment the price by
their estimate of the rate of increase until they reached
$100,000.

Once again, T5 demonstrated his superior ability

by being the only one in this group to model the situation
with a general formula.

He wrote an equation expressing the

price as a function of the year and used this to solve the
problem.

However, his previous error caused this expression

and his subsequent solution to be incorrect as well; but it
wasn't far enough off to prompt him of his mistake.

Of all

the TA students, only T4 was able to answer the second probe
in this question correctly.
The final probe used in this segment called for a
general formula for the price in terms of the year.

Tl

erroneously wrote f(x) = y + 2 and explained that y stood
for the year.

T2 wrote f(Y) but was unable to go any

further than this.

T5 had written the formula previously,

and his procedure was correct except for the error in
calculations.

This resulted in T4 being the only

representative of the traditional algebra group to write the
correct formula, and she was a little unsure of the proper
notation.
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At this point of the interview, an interesting exchange
took place between T4 and the researcher.

She was being

asked to relate this problem to some of the previous
questions in the interview when the following dialogue
occurred:

(The interviewer is indicated by IR and T4 by her

code.)
IR:

Remember when we were talking about the function f (x) =
mx + b; and I was asking you about a table of values,
and where the "m" would be, and where the "b" would be,
and all of that?

T4:

Uhum.

IR:

You didn't know how to answer me there; but you figured
it out here, from the actual situation.

T4:

So, you mean that I don't really know what "m" and "b"
is?

IR:

I don't know if I want to try to analyze you or not.

T4:

I mean, to look at an equation, I can't define "m" or
"b"; but I know how to work with it.

IR:

Yeah, I don't think it's connected in your mind. You
have these bits of information, and this is separate
from this; and the links between them are not made.

T4:

Uhum, I guess I'm not really on top of this. But this
is something that I didn't learn from this class
[College Algebra] that I took. This is completely
separate from it. This is something like an IQ test,
looking for a pattern; and maybe if I have learned this
more [pause]. Startling.

IR:

And maybe it's all connected. So, maybe we're using
functions when we go out and look at houses, and we
don't know it.

T4:

Right.

IR:

Because in school no one has ever

T4:

[Interrupting]

Okay.

Right.

Right, said this is a function.
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IR:

Yeah, made the connection. So, those are the kinds of
things I'm trying to explore.

T4:

Right.

IR:

Good, that's very good.

Uhum.

The CIA students also began this problem by calculating
the changes in price.

They were all looking for a constant

rate of change since, as stated by C3, this would imply a
linear function.

After observing that the rate of change

was not constant, the CIA subjects differed from the
majority of the TA subjects by computing the average of the
increases.

At this point, most of them incremented the

price until they reached 1995, just as the TA students had
done.

Cl was the only one who chose to write the general

linear function for the price in terms of the year (measured
since 1980).

She and two other members of this group got

the right answer for the first probe.
The fact that all of the CIA students knew to look for
a constant rate of change in the output values can be linked
directly to the CIA curriculum's development of linear
functions and their properties in all three representation
systems.

These students were practiced in recognizing

linear patterns in data.

Also, their technique of averaging

the rates of increases was one of the methods introduced in
chapter 3 of the students' text for modelling this type of
situation with a linear function.
In responding to the second probe in this section, C6
also decided to write the general equation modelling the
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situation.

A prior mistake in calculations made her

function wrong at first, but she later discovered and
corrected the error.

The others used calculations in much

the same fashion as the TA students and got very similar
results.

Also, none of these other CIA subjects were able

to write the correct general formula.

At the completion of

this portion of the interview, Cl added that she could have
solved this problem on the computer; and she named several
software packages that would have been suitable.
Question 5.

Question 5 was also available for

exploring the modelling component in relation to a quadratic
function.

It consisted of a situation and a list of probes

as shown in the following:
5.

Suppose that a ball is thrown upwards with an initial
velocity of 128 ft/sec from the top of a building that
is 144 ft. high.

Probes:
a.

Find the equation which represents this situation.

b.

Find

the

height when the time equals

2seconds.

c.

Find

the

time when the ball will hit

theground.

d.

Draw the

graph of this situation.

e.

Find

maximum height.

the

f.

Ask about properties of quadratic functions:
(parabola).

g.

If the student makes a table, ask questions about
how the points were chosen, about how many points
were chosen, whether some points are more important
than others, etc.

h.

Ask questions about the vertex and the intercepts.
For example, how can you find the x and y

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

183
intercepts? Do they always exist? How many x
intercepts could there be? How do these values
relate to the function? How could they be used to
find the vertex? etc.
i.

Ask questions about the sign of the leading
coefficient and its effect on the graph. Ask about
the effect of the magnitude of this coefficient.

This situation was sufficiently rich to allow for
probes into all of the components of the function model.
Unfortunately, there was not enough time to explore it
fully; and many subjects did not get to this question at
all.

For those that did, there was only enough time to

attempt to answer the first probe.
In the traditional group, just four of the subjects had
time to attempt this problem; and none of them could write
the equation representing this situation.

T5 was able to

write a correct formula for the height in terms of the time
if the effect of gravity was ignored, that is, h = 144 +
128t.

Of the five CIA subjects involved in this second

interview, three responded to this question.

Two of them,

Cl and C6, were able to correctly formulate the general rule
relating height and time.
Interpreting
Question 4 was designed to investigate the subj ects
ability to interpret a graph in terms of a practical
situation.

It required the students to perform two types of

interpretations, one which involved numbers and one which
did not.

The following is the format in which these tasks

were presented:
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The graph below gives the speed of a cyclist on his
daily training ride. During his ride, he must
climb a hill where he pauses for a drink of water
before descending. Use this graph to describe what
is happening at each of the labelled points.
50
40
Speed
30
(mph)
20
10
0

10

0

20

30

40

50

60

70

Time (minutes)

b.

Which of the graphs below could represent a
journey? Explain your answer, (d is the distance
at time t.)

d

d

t

t

(a)

(b)

d

t

t

(c)

(d)
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The traditional group was very nearly equally divided
between successful and unsuccessful attempts to interpret
these situations.

For the cyclist questions (part (a)) in

particular, Tl, T2, and T5 described all of the points
correctly; and the others described all of the points
incorrectly.

It was very clear from the explanations given

at this point that the incorrect interpretations were a
result of the students' reading the graph as if it were a
picture of the situation.

One indicator of this was the

fact that all three of the incorrect subjects spoke in terms
of there being two hills represented by the graph.

In fact,

T4 interpreted all of the points incorrectly and proclaimed,
"It's easy.

It looks like a hill."

T2 initially

interpreted the graph completely wrong before correcting
herself.

She then analyzed the situation quite well when

she said, "I wasn't thinking graph.

I was thinking

picture."
The results for the TA students in part (b), concerning
the possible journeys, were more mixed.

T2 and T5 correctly

identified graph (b) as possibly representing a journey and
explained why the others could not be graphs of journeys.
In reference to graph (c), T5 commented, "If teleportation
were available, then you could make this instantaneous
switch in distance; but otherwise, you can't move instantly
from one spot to another."

Tl and T4 erroneously concluded

that all of the graphs could represent journeys.

T3 was
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correct in his answers for the first three parts, but he got
confused about part (d). Also, his explanations revealed
some unusual usages of the terminology relating to rate,
time, and distance.

For example, he made the following

comments relative to graphs (b) and (c):

(The interviewer

is indicated by IR and T2 by his code.)
IR:

If graph (b) is okay, then explain to me what's
happening there.

T2:

Right. Okay. This is the distance he's travelling at
this rate of time.

IR:

Then, what happens there?

T2:

At this rate of time, he is travelling no distance.
So, he's stopped, apparently. So, at this time, he is
stopped. Okay, because there's no distance; and at
this time, he starts back up and travels this distance.

IR:

So, (b) is alright?

T2:

(b) is okay. Now (c), at this time, he is travelling
this distance right here. Okay?

IR:

What distance?

T2:

There's no lines on here totell how far. You didn't
give us miles or anything. So, you can'ttell. So, he
is travelling a distance at a given time.
It was clear in this section as well that those

subjects who provided incorrect interpretations were reading
these graphs as pictures, or the actual paths of the
journeys.

For example, T4 and T6 interpreted the graph for

part (d) as "driving around curves."

T6 added that this was

difficult and reminded her of the vertical line test for
functions.
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The CIA group was much more successful in their
interpretations of these graphs.

With only a few

exceptions, all of the subjects in this group were able to
correctly interpret all of the graphs.

In part (a) about

the cyclist, for example, all of the CIA subjects were
completely correct except for three of them who each had one
or two points of questionable interpretations.

The most

doubtful interpretation by this group was made by C5.

Even

though he accurately interpreted most of the labelled
points, he somehow concluded that there were three hills in
the situation.

This interpretation is possible, but it is

very dubious when the graph is read in the context of the
written description of the situation.
Once again, the superior performance by the CIA
students can be traced directly to their curriculum.

As

mentioned earlier, they were constantly required to explore
and interpret realistic situations.

These situations were

represented by formulas, tables, and graphs, which made the
CIA students familiar with all three representation systems.
They were thoroughly experienced in reading and interpreting
graphs of many different types of situations.
Another point worth noting about the CIA group's
responses to this problem was the frequency with which many
of them, especially C4, referred to the actual situation to
help with their interpretations.

This was a practice which

had been encouraged throughout the semester by their
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curriculum.

Also interesting were the following

observations made by C2:

"People don't

graph only showing his speed.

They think of it as this is

what the hill looks like... .Don't think
of the hill.

think of it as the

of it as a diagram

Think of it as that's his speed."

Relative to part (b) concerning the possible journeys,
all of the CIA students, except for C4, gave correct replies
and explanations for all of the graphs.
interpreted only two of the four graphs.

C4 correctly
Cl was one of only

a few students to note that graph (d) could be valid or
invalid depending on the definition of distance.

She

questioned whether it was to be defined as "distance
travelled or as distance from a certain point."

In

reference to graph (a), she joked that "It is an invalid
chart because time can't go backways unless, of course,
we're in Back to the Future, in the movies."

C6 also gave

an amusing explanation for graph (c), in which distance
increases with no change in time, when she said, "Beam me
up, Scottie."
Translating
Due to time constraints, this component was not the
primary target of any of the questions in this interview.
It was judged to be the component covered most thoroughly in
Interview I; and thus, it received the lowest priority in
Interview II.

Question 3 did contain some probes which were

intended to explore the subjects' proficiency in
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translating.

However, T2 was the only student in either

group to attempt the graphs of this situation; and she did
them incorrectly.

Her problems in this area involved

reversing the axes and scaling them in a very uneven manner
(see Appendix I for a copy of her work).
The probes in Question 2 were designed to examine the
students' knowledge of the properties of linear functions
expressed in their various representations:
tables, and graphs.

formulas,

These probes were divided into two

groups, those concerning tables and those about graphs.
They were primarily intended to address the reifying
component of the function model, but the type of knowledge
examined was related to translating as well.

The students'

responses to them were used in the analysis of both of these
components, but they will be presented in the following
section on reifying.
Reifvina
This component was investigated in two different
sections of the interview and from two different
perspectives.

The probes in Question 1 about combining

functions were intended to examine the subjects' levels of
abstraction in dealing with functions as objects of higher
level processes.

Next, as previously mentioned, Question 2

tested their knowledge of the properties of linear functions
as expressed in the different representation systems:
formulas, tables, and graphs.
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Question 1.

The students' responses to the set of

probes in Question 1 were reported earlier in the section
titled Functions.

There were no glaring differences in the

answers of the two groups to the probes about combining
functions, although the CIA subjects did seem to fare a
little better here.

The students in both groups chose to do

composition of functions when they were asked to combine two
functions.

Although the majority of them were able to

perform the substitutions correctly, very few seemed to
really understand what they were doing.
Relative to the question concerning whether the process
of composition could itself be considered a function, three
of the TA group and four of the CIA group agreed that it
could be.

In general, however, their explanations did not

indicate a true understanding of the situation; and only one
of them (C4) could properly identify the domain and range.
The others seemed to be misinterpreting the question as if
it were asking whether the result of the composition was
itself a function.
In the TA group, the best description of composition of
functions was offered by T5, who depicted it as "a function
as related to a function."

Interestingly, he was quite

adamant about the fact that this process could not be called
a function because "A function is not a process —
alive."

.It is not

The CIA group had several students who at least

seemed to appreciate the complexity of the question that was
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being asked.

Within that group, Cl and C6 said that they

were not really sure of the answer; and C4 answered
correctly and also correctly identified the domain and
range.
The similarity of responses between the two groups in
this section can probably be attributed to the fact that
this topic was not included in the CIA curriculum.

The CIA

class was taught this material during their preparation for
the departmental final examination in essentially the same
manner as the traditional classes.

The fact that they did

perform somewhat better than the TA students here could be
conjectured to be a result of their better overall
understanding of functions.
Question 2.

Question 2 was given to the students

verbally as follows:
2.

Consider the function f(x) = mx + b.

Probes:
a.

What type

of function is this?

b.

What does

the graph look like?

c.

Relative to the graph, what is the significance of
"m" and Mb"?

d.

What happens to the graph if "m" is increased?

e.

Relative to a table of values, what is the
significance of "m" and "b"?

With a few exceptions, the TA subjects knew the
properties of
(probes

thislinear function in relation to

its graph

(a) - (d)). T1 and T4 did not know thesignificance
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of "b" relative to the graph, and T3 didn't know any of the
answers except that the function was "linear.”

However, he

also said that x2 - 1 was linear and even graphed it as
such.

At this point of the interview, T6 confessed that

"graphs are my weak point... .It's a line, I guess."

When

pressed as to how she could figure it out, she responded, "I
have no idea."

Yet, later in this section, she was able to

correctly make a table, plot points, and draw the graph for
f(x) = 2x - 3.
In response to probe (e), concerning the tabular
representation of the function, only three of TA subjects
could figure out how to find "m" and "b".

Of these three,

T1 and T2 suggested using the slope formula to find "m", and
substituting this and values for x and y into the formula,
which could then be solved for "b".

T5's solution was to

"find the value of the function corresponding to a value of
zero for the variable."

T4 offered an explanation for her

inability to answer these probes by stating, "I really,
honestly, have never been taught that....I was given a
formula and that's all I know....I don't really understand
these things."
The CIA students were very successful with the probes
concerning the graphical representation of this function.
They uniformly answered all of these questions correctly,
and several of them explained the slope as the rate of
change.

C5 made an interesting remark at this point in the
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interview.

He said, "It's easier for me to work with graphs

to solve problems... .I'm not as good with formulas."
For probe (e), concerning a table, two of the CIA
subjects did not know any of the answers; two answered
correctly for "m", but not for "b"; and one (Cl) knew all of
the correct answers.

The methods suggested by this group

for finding the slope were expressed in terms of calculating
the "constant rate of change," rather than using "the slope
formula" as had been recommended by the TA students.

Cl's

method for finding "b" was the same as that recommended by
T5 except expressed in CIA terminology: "Find the output
corresponding to an input of zero."
It was clear that the CIA students were very familiar
with the properties of linear functions represented in
graphical form.

This resulted from the emphasis placed on

this type of knowledge by the CIA curriculum.

These

students did not seem to be quite as knowledgeable about
these functions when they were expressed in tables.

This

fact is not reflective of any lack of attention to the
tabular representation of linear functions in the course.
The CIA curriculum was very thorough in its treatment of the
numeric as well as the graphic and symbolic properties of
this important family of functions.

The students were

continually presented examples and exercises using all three
of the representation systems.

They were expected to become

knowledgeable about the properties of functions expressed in
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these different representations and also to become
proficient in translating between the systems.
Quantitative Analysis
Just as in the first interview, each of the subjects
was graded from very poor (0) to very good (4) for each of
the components of the theoretical model describing a
conceptual knowledge of functions.

The means obtained from

this analysis for the two groups are presented in Table 15.
Because of the subjective nature of these ratings, no
statistical tests were performed nor were any definite
conclusions drawn from these data.

However, the use of

numerical values did suggest some interesting comparisons
between the groups and trends within the groups.
Table 15
Component Means for Interview II

Group
Component

TA

CIA

Model

1.92

2.50

Interpret

2.00

3.30

Translate

2.25

3.20

Reify

1.67

2.30

Average*

1.96

2.83

‘Average = average of the four components.
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The means for the two classes seemed to suggest that
the CIA group was better in every category, with the largest
differences appearing in the interpreting and translating
components.

Unlike the analogous results from Interview I,

no consistent pattern emerged to suggest a ranking of all of
the components in order of relative difficulty.

However,

the scores for the reifying component were once again the
lowest in both groups, possibly implying that this is the
most difficult component in the function model.
Summary
This section has presented the results and analyses of
Interview II.

The major findings that were obtained are

summarized in the following paragraphs.
In their responses to the probes in Question 1, the
subjects expressed their opinions about the course, its
usefulness, it's main topics, and about functions.

In

general, the TA students expressed mixed feelings about
their College Algebra course; but the most of them indicated
that they didn't think it was practical.

None of these

students showed any enthusiasm for the class, and some felt
anxiety toward it.

In contrast, the CIA subjects were

generally very enthusiastic about their curriculum and
argued that it was very practical.

In regard to the main

topics of the course, the traditional students were rather
vague and negative; whereas the CIA students were explicit
and positive.
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The TA students described functions as equations and
gave examples of them as such.

The CIA students explained

functions as dependency relationships which involved input
and output variables, and they presented examples in terms
of realistic situations.

Both groups voiced mixed opinions

about the existence of functions which did not involve
numbers, with the majority in both groups in favor of them.
The CIA students were better at identifying domains and
ranges, especially with the nonnumeric examples, even though
they were used to a different terminology.

When asked to

combine two of their examples, the subjects from both groups
chose to perform composition of functions.

Although the

majority of them could do the substitution properly, they
did not seem to fully comprehend what they were doing with
this process.

The groups were approximately equally divided

in their responses to probes about whether this process was
itself a function.

Again, most of their answers indicated

that they didn't really understand the situation and were
misinterpreting the question.

There were three subjects,

all in the CIA group, who did seem to appreciate the complex
nature of the question; and one of these was able to
correctly answer all of the probes in this area.
The modelling component was explored by Questions 3 and
5.

The CIA students were more inclined to use functions and

general formulas in their attempts to solve these problems,
and they were more successful with their results.

They were
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much more familiar with recognizing linear patterns in data,
as indicated by their searching for a constant rate of
change and their accompanying explanations.

Also, they were

better prepared to deal with the absence of this pattern
because they had learned some approximation techniques, such
as averaging the rates of change, in their CIA class.
Question 4 tested the students' ability to interpret
graphs in terms of realistic situations.

The TA students

were able to do this correctly about one half of the time,
and the CIA students were correct in almost all cases.
Additionally, several of the students, mostly from the CIA
group, recognized that the problems in this area were caused
by attempts to read the graphs as if they were pictures of
the situations.
The subjects' levels of reification were investigated
by both Question 1 and Question 2.

The responses to

Question 1 were discussed at the beginning of this summary.
Although Question 2 was primarily intended to analyze the
reifying component, it also tested knowledge relevant to
proficiency in translating.

Consequently, the subjects'

responses to this question was used in the analysis of both
components.
In Question 2, the probes relative to graphs were
answered correctly by all of the CIA students and by most of
the TA students.

A few from the latter group did experience

some difficulty with these probes, especially the one
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pertaining to the significance of "b".

For the probe

involving the tabular representation of the function, each
group was correct about 50 percent of the time.

The

observed difference here was the TA students' use of the
slope formula as compared to the CIA students' remarks and
concern about "a constant rate of change."
The quantitative analysis done in this second interview
suggested that the CIA students were better in every one of
the categories used to evaluate their conceptual knowledge
of functions. Although the findings here didn't support the
relative ranking of the components as hypothesized from the
results obtained in Interview I, the reifying component once
again appeared to be the most difficult one in the function
model.
Conclusion
This chapter has presented both the quantitative and
qualitative data collected during the study.

Also included

were the statistical analyses performed on the quantitative
data as well as in-depth descriptions of the interview
subjects.

This section provides an overview of the major

findings from these different sources.
At the start of the semester, the three classes which
were the primary focus of this project were compared and
found to be very similar in most areas.

For example, no

significant differences were found in their gender profiles,
their algebra backgrounds, their computer experience, their
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attitudes towards mathematics, or their conceptual knowledge
of functions.
time were:

The most notable differences revealed at that

(a) The CIA students were older than the TA

students, (b) they had lower Math ACT scores, and (c) the
students in both groups had a better perception of the
researcher than they did of the other instructor involved in
the project.
The quantitative data indicated that the CIA curriculum
achieved a much higher overall success rate than did the TA
curriculum.

Also, it was perceived by the students as more

interesting, and it had significant positive effects on the
students' attitudes toward mathematics and on their levels
of anxiety about the subject.

The CIA students dramatically

outperformed their TA counterparts in all categories of the
posttest on functions except for reifying, and this
superiority could not be accounted for by any of the tested
extraneous variables.

Finally, although the scores on the

departmenta1 final examination seemed to indicate a lower
level of skill development by the CIA group, the differences
among the classes proved to be not significant after
adjustments were made for the subjects' Math ACT scores.
The qualitative data collected in the two sets of
interviews served to support, clarify, and augment these
quantitative results.

In both of the interviews, it was

clear that the CIA group had much more positive feelings
about their curriculum than did the TA students.

They
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voiced the opinions that it was very practical and relevant
to their lives, opinions that were in direct contrast to
those expressed by the traditional students about their
class.

Also, the CIA subjects demonstrated an excellent

understanding of and appreciation for what were the main
topics of their course; whereas the TA group did not seem to
be very clear on what there course was all about.
It was evident in Interview I that the two groups were
forming different conceptions of functions.

The traditional

students demonstrated very limited knowledge of functions or
their uses at this point in the semester.

The CIA students

were able to define functions and give examples of their
uses both in and out of the classroom, and they expressed an
appreciation for their importance in everyday life.
Furthermore, they were more inclined to use functions and
general formulas as an integral part of their problem
solving procedures.
During the modelling tasks in this first interview, the
CIA students made noticeably more references to the actual
problem situations than did the traditional students; but
they appeared to be somewhat less skillful at symbol
manipulating.

The translation tasks involving graphing

uncovered some severe deficiencies in the ability of both
groups, and these problems led to difficulties in
interpreting as well.

Although the CIA subjects were rated

slightly better at reifying than were the TA subjects at
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that time, this component caused a great deal of difficulty
for both groups.
By the end of the semester, the traditional students
were generally describing functions as equations; while the
CIA students were unanimously defining them as dependency
relationships involving input and output variables.

Also,

the CIA students were better at identifying domains and
ranges, especially in the nonnumeric examples.

Both groups

expressed mixed beliefs about functions which did not
involve numbers, and both groups chose to do composition of
functions when they were asked to combine two of their
examples.

Although most of the subjects were able to

correctly calculate the composite function, only a few of
them indicated any true understanding of this process.

All

of these were from the CIA group, and they were also the
only subjects to give meaningful responses to the questions
about whether this process was itself a function at a higher
level.
The modelling questions in this second interview
reinforced the conclusion that the CIA subjects were more
inclined to use functions in their problem solving attempts.
As opposed to their results in Interview I, however, they
were now more successful with their efforts.

Also, they

were clearly superior to the TA students at interpreting
graphs in terms of realistic situations; and they were more
knowledgeable about properties of functions relevant to
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translation tasks.

Reifying once again emerged as the most

difficult component in the function model for both groups;
but here as well, the CIA students exhibited higher levels
of understanding and abstraction.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

CHAPTER 5
CONCLUSIONS AND DISCUSSION

This chapter begins with a discussion of the results
that were presented in chapter 4.

The discussion is

organized according to the research questions for this
project, each of which is addressed individually.

This

section also includes a synthesis of the findings relevant
to the students' conceptual knowledge of functions as well
as some remarks about other interesting findings that were
not specifically targeted by any of the research questions.
Next, there is a section containing general observations
made by the researcher during the study.

This is followed

by an examination of the potential threats to the internal
validity of the experiment and a discussion of the
limitations of this research.

The next section summarizes

the overall conclusions of this investigation.
The final section in this chapter discusses the
educational implications and contributions of this project
in the areas of theory, practice, and research.

First, the

theoretical model for the function concept is analyzed and
evaluated, with particular attention being paid to the
reifying construct.

The study is then placed into the broad

framework of the current curriculum debate and examined in
terms of its value to the community in this regard.

Some

specific recommendations for improving teaching and learning
203
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in algebra are also made at that time.

The chapter then

concludes with some recommendations for further research as
suggested by the results obtained here.
Discussion of Results
The purpose of this study was to examine the hypothesis
that students in the Computer-Intensive Algebra curriculum
(CIA) develop a richer understanding of functions than their
counterparts in the traditional algebra curriculum (TA)
while achieving at least the same level of proficiency in
manipulative skills.

This broad statement was divided into

the five research questions of this experiment.
Both quantitative and qualitative data were used in the
analyses of these questions.

There were several instruments

administered at the beginning of the semester in an attempt
to obtain a detailed description of the three classes which
were to be the primary focus of the study:

the experimental

class (CIA) taught by the researcher, a traditional class
(TA1) taught by the researcher, and a traditional class
(TA2) taught by another instructor.

The data from these

instruments demonstrated the initial similarities of the
experimental and control groups.

These results showed no

significant differences among the classes in the following
areas:

(a) their gender profiles, (b) their mathematics

backgrounds or experience, (c) their computer backgrounds or
experience, (d) their attitudes towards mathematics (except
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for their perception of the teacher), and (e) their
conceptual knowledge of functions.
This last category deserves some elaboration.

The

students' conceptual knowledge of functions was tested at
the start of the semester by the pretest.

This test probed

into the four components of the function model and produced
a score for each one of these components as well as a total
score.

There were no significant initial differences found

in any of these categories.

However, it is worth noting

that a visual inspection of the results indicated that the
CIA class began the semester with the lowest score in every
category except interpreting.
The significant differences that were revealed at this
time were that the CIA students were (a) older (on average),
(b) poorer in mathematics (as measured by their ACT scores),
and (c) anticipating a more interesting and less difficult
class than the TA students.

Also, the MAI attitude scale

indicated that the students, both CIA and TA, had a better
perception of the researcher than they did of the instructor
for the other traditional section.
The post-instruments served to identify both the
similarities and the differences among the groups at the end
of the semester.

With the exception of the departmental

final examination, these instruments were designed to
parallel the pre-instruments as each was either the same or
similar to the corresponding instrument given at the
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beginning of the course.

The interview data were then used

to corroborate, clarify, and extend the quantitative
findings.
The following is a discussion of these findings
pertinent to each of the research questions.

It includes a

synthesis of the conceptual knowledge results and some
additional discoveries made during this investigation.
Research Questions
Research Question 1
"Are CIA students able to model real world phenomena
with functions better than TA students?"
The tests on functions contained questions which
examined the students' ability to model real world
situations with each of the three representations of
functions:

equations, tables, and graphs.

The posttest

scores indicated that the CIA students were significantly
better than the TA students in this modelling category.
This finding was supported by the interview results.
While the traditional subjects were rated slightly better at
modelling in Interview I (administered midway through the
course) , this fact was attributed mainly to the greater
number of calculation errors made by the CIA students.

The

explanation for these errors probably lies in the fact that
the CIA curriculum relies on the computers to do most of the
manipulations and computations.

As a consequence, these

students were not as practiced in those skills as were the
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traditional students.

Nevertheless, the CIA students

received a higher rating than the TA students for this
component in Interview II.

This supported the conclusion

that they were now better than the traditional students at
modelling real world situations with functions.
During their attempts to solve the modelling problems,
the CIA students were more inclined to use functions and
general formulas; and they made more frequent references to
the actual problem situations.

The students in both groups

seemed unsure of their answers and, when questioned, were
unable to verify them.

Also, both groups exhibited some

confusion about function notation and terminology,
particularly in the first interview.
The superior performance of the CIA students in the
modelling category can be linked directly to the CIA
curriculum's practice of beginning every section with a
realistic situation to be modelled.

All topics and concepts

were introduced in this manner, and all three of the
representation systems for functions were used.

This made

the CIA students much more familiar with the modelling
process as well as the different representations of
functions.
This fact was quite evident in the second interview
during the task which involved the modelling of a realistic
situation using data as the starting point.

This was an

unfamiliar and confusing situation for the traditional
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students, several of whom initially pronounced the problem
unsolvable.

The CIA students were clearly more adept at

recognizing and approximating linear patterns in data.

They

knew to first examine the data for a constant rate of change
since this would indicate a linear function.

When no such

pattern emerged, they were equipped with averaging
techniques which could be used for modelling this type of
situation with a linear function.
Interview II also contained probes which examined the
students' modelling ability in terms of a quadratic model.
Although there wasn't much time to explore this situation
very thoroughly with most of the subjects, those in the CIA
group were more successful at formulating the general rule
which modelled this problem.
Research Question 2
"Are CIA students able to interpret equations, tables,
and graphs better than TA students?"
Both the pretest and posttest had several questions
which examined the students' ability to interpret tables,
graphs, and equations (and inequalities) in terms of
realistic problem situations.

The questions were designed

to investigate this component of the function model from
several different perspectives.

For example, some questions

required pointwise interpretations; and others involved
observations of trends or rates of change.

Some questions
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provided the input information and asked about the output,
while others reversed this process.
The results from the pretest indicated that the two
groups were initially very similar in this category.

This

finding was supported by the first interview in which both
groups easily interpreted the equations and inequalities,
and both had difficulty interpreting their graphs.

It was

also observed at this time that the CIA students were
continually interpreting the questions and their answers in
terms of the problem situations, a practice that was
regularly encouraged throughout the semester by their
curriculum.
On the posttest, the CIA students were significantly
better than the TA students on the questions involving
interpreting.

This finding was corroborated by Interview II

in which the CIA subj ects clearly outperformed their
traditional counterparts.

Not only were they better able to

analyze and interpret data presented in tabular form, they
were better at interpreting both the numeric and the
nonnumeric graphs in this interview.

Also, they recognized

that problems in this area occurred when graphs were read as
actual pictures of the situation.

Again, their superior

performance can be traced directly back to their curriculum
in which they were constantly required to explore and
interpret realistic situations presented in terms of the
different representation systems.
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Research Question 3
"Are CIA students able to translate between the
different representations of functions better than TA
students?"
The translating questions on both the pretest and
posttest involved movements in all possible directions among
the three representation systems for functions.

Just as in

the previous categories, the pretest did not indicate any
significant differences among the classes.

For the posttest

scores on this translating component, a simple ANOVA was not
significant.

However, the ANCOVA which used the pretest

score as a covariate did indicate that the CIA group
performed better than the TA classes in this category.
The translation tasks in Interview I also indicated
that the two groups were similar at that point of the
semester.

Both groups had difficulty moving from equations

to graphs, due mainly to their inability to properly scale
their graphs or to select points which produced a meaningful
range of values.

In the CIA class, the computers were used

to generate the graphs and (depending on the software used)
to select an appropriate scale.

Even though the students

were required to input the range of values, this process was
somewhat of a trial-and-error procedure.

Thus, the CIA

students were not practiced in producing and scaling graphs
on their own; and they were to some extent dependent on the
use of technology for the selection of a range of values.
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Again, the CIA students made noticeably more references to
the problem situation to help with their solution attempts
than did the TA students.
Although there was not enough time in the second
interview to concentrate on the translating component, there
were questions which probed the subjects' knowledge of
tables and graphs.

The CIA students were more knowledgeable

than the TA students in both of these areas, but their
superiority was more evident for the graphical
representation of functions.

It was clear that they were

very familiar with the properties of linear functions
expressed in this form.

This was a result of the emphasis

placed on that type of knowledge by the CIA curriculum.
Examples and exercises were continually presented using all
three of the representation systems, which required that the
students become knowledgeable about the different systems
and proficient in translating between them.
Research Question 4
"Are CIA students able to reify functions better than
TA students?"
This component of a conceptual knowledge of functions
was operationalized by using two subcategories based on the
theoretical model presented in chapter 2.

Reification

involves the creation of conceptual entities out of actions
or procedures.

These entities then possess certain

properties, and they can be operated on by processes at a
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higher level.

This description leads to the following two

questions:
a)

"Are they [CIA students] able to perform

operations, such as addition and composition, on
functions better than TA students?"
b)

"Do they [CIA students] know the properties of

certain families of functions, such as linear and
quadratic, better than TA students?"
The pretest and posttest had problems which addressed
each of these questions in the context of linear and
quadratic functions.

The analyses (ANOVA and ANCOVA) of the

results from both of these tests showed no significant
differences among the three classes in this category.

Thus,

reifying was the only component of the function model for
which the CIA students failed to outperform the TA students
on the posttest.

The scores on these tests also suggested

that this was the most difficult of the four components for
both groups of students to master.
In the first interview, there was not much difference
between the groups in their observed levels of reification;
although the CIA students did appear to fare slightly better
with the probes in this area.

In particular, they

demonstrated a better knowledge of the terminology and
properties of linear functions at that time.
Interview II probed this component much more
thoroughly.

The two groups were similar here as well, with
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the CIA subjects again being rated slightly higher.

Once

more, they demonstrated a better knowledge of the properties
and terminology associated with the family of linear
functions (and quadratic functions to a lesser extent).
Relative to the treatment of functions as objects for
higher level processes, the students in both groups chose to
do composition of functions when asked to combine two of
their examples.

Although the majority of them could perform

the substitutions correctly, few seemed to fully understand
what they were doing with that process.

Their explanations

of the process and their answers to the researcher's
questions suggested that they were merely following a
memorized procedure.

(The problems associated with the

reifying probes are discussed later in this chapter in the
section on implications.)
The two groups were approximately equally divided in
their responses to the probes about whether this process was
itself a function.

Again, most of their answers indicated

that they didn't really understand the situation or the
question being asked.

It was clear that they were

misinterpreting the question as if it were asking whether
the result of the composition was a function.

There were

three students, all from the CIA group, who did seem to
appreciate the complexity of the question; and one of these
did correctly answer all of the probes in this regard.
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The similarity of responses to these probes pertinent
to the objectification of functions can be attributed to the
fact that this topic was not covered in the CIA curriculum.
As mentioned earlier, the CIA class was taught about
combining functions during their preparation for the
departmental final examination in much the same manner as
the traditional classes.
Finally, just as on the pretest and posttest, this
component was rated as the most difficult one in the
function model on both Interviews I and II.

The fact that

this level of abstraction is so difficult for students to
achieve may also provide a partial explanation for the
absence of any significant differences among the groups in
this category.
Synthesis of Conceptual Knowledge Findings
Since each of these first four research questions
specifically addressed one of the four components of the
theoretical function model, a summary of their results can
give us an overview of the students' conceptual knowledge of
functions.

The findings from both the quantitative and

qualitative aspects of this investigation indicated that the
CIA students had a better understanding of modelling,
interpreting, and translating than did the traditional
students.

Also, they were better in their overall

understanding of the function concept as measured by their
total score on the posttest and the average of their ratings
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on Interview II.

The only component in which they failed to

significantly outperform their TA counterparts was reifying.
While they were rated slightly better even in this category
in the quantitative analysis of Interview II, the overall
indications here were that this level of abstraction was
beyond the reach of both groups.
Research Question 5
"Are CIA students able to perform operations and
transformations on algebraic formulas as well as TA
students?"
This question was analyzed using the results of the
departmental final examination which was given to all
sections of the College Algebra course.

As described

previously, this instrument was designed to test the skills
that are taught in the traditional curriculum; and it was
specifically geared to the particular syllabus and textbook
used for that course.
The scores on this test were analyzed from several
different perspectives.

All of the statistical analyses

which involved a comparison of raw scores exhibited
significant differences among the groups.
the following:

These included

(a) a t-test between the CIA class and all

of the traditional sections pooled into one group; (b) an
ANOVA with the CIA class, the TA1 class, and all other
sections of College Algebra pooled into one group; and (c)
an ANOVA among the three groups of primary interest to this
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study:

CIA, TA1, and TA2.

These results all indicated that

the CIA students were less skillful in the operations and
procedures emphasized by the traditional curriculum.
Since it had been previously determined that the CIA
students began the semester significantly poorer in
mathematics (as measured by their Math ACT scores), an
ANCOVA was performed which used these scores as covariates.
This test showed no significant differences among the
adjusted means of the three classes on the departmental
final examination.

Thus, there was not sufficient evidence

to conclude that the CIA class made less progress than the
TA classes in the skills of traditional algebra.
There are several factors which should be considered in
the evaluation of this last research question.

The first is

that there were major differences in both the content and
the emphasis of the two curricula.

Most of material covered

on the final examination was not included in the CIA
curriculum, and it had to be taught separately to that group
during their preparation for that test.

Added to this were

the differences in the type of learning that was emphasized
by the two curricula.

While the traditional sections

stressed manipulative skills and memorized procedures for
solving specific problems, the CIA course focused on
modelling, problem solving, and concepts.
Secondly, the CIA students were assessed quite
differently in their course; and they were accustomed to
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using computers, with various types of software, to perform
most of the required calculations, symbol manipulations, and
graphing.

The final examination was a much different type

of test from what they had been taking during the semester,
and their technological tools were not available to them for
that instrument.
Another important consideration is the possibility of
differential selection due to the use of volunteer subj ects.
As has already been established, this resulted in some
initial differences among the groups in terms of their
mathematics competence (as measured by their Math ACT
scores).

These scores showed that the CIA students were

significantly weaker mathematics students at the start of
the semester.

Also, many of them reported negative or

unsuccessful experiences in their previous mathematics
courses (a fact which probably explains some of their
willingness to volunteer for a new and experimental
section).

Since another analysis had shown that the Math

ACT scores had significant effects on the posttest results,
it was reasonable to conclude that these had also exerted
some influence on the scores for the departmental final
exam.

The mathematical weakness of the CIA students

presumably was a contributing factor to their performance on
this instrument; and thus, it was an appropriate variable to
be included in the analysis.
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Finally, the differential mortality among the classes
should be considered.

In the traditional sections of this

course, the majority of the weaker students withdraw before
the end of the semester and do not take part in the final
examination.

This was evidenced by the 37.1% withdrawal

rate in these sections.

Even though the CIA class was

comprised of poorer mathematics students, fewer of them
withdrew from the course.

The withdrawal rate for the CIA

section was 9.4%, which resulted in a much larger percentage
of these students participating in the departmental final
examination.
The high withdrawal/failure rate in college algebra is
a matter of serious concern at this as well as many other
universities, and the CIA curriculum apparently had a very
positive impact on this situation.

However, this factor

also contributed to the seemingly poor performance of the
CIA group on this last instrument.
Other Findings
During the course of this investigation, many
interesting and pertinent findings were revealed which were
not specifically addressed by any one of the research
questions.

This section contains a discussion of those

results which have been organized into the following two
categories:

(a) those findings relevant to the CIA course

in general and (b) those findings relevant to the function
concept.
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Course
This study was intended to compare the effects of two
very different curricula on students' conceptions of
functions.

It was not an attempt to indict traditional

algebra or to show that CIA was better or worse than TA.
Value judgements, such as which curriculum is "better," will
be left to the determination of other mathematics educators.
However, some of the results observed during this research
are relevant to these types of issues and will be discussed
here.

For example, the CIA

course achieved a much higher

percentage of successful (passing) students than did the
traditional algebra course.

This resulted from the

substantially lower withdrawal rate in the CIA section
combined with a failure rate that was approximately equal to
that in the TA sections.
The CIA curriculum also demonstrated some promising
effects in the affective domain.

As measured by the Dutton

and MAI instruments, the overall attitudes of the CIA
students towards mathematics showed significant improvement;
and their levels of anxiety in relation to the subject were
significantly reduced as a result of their CIA experience.
In terms of student opinions, the CIA students rated their
course as more interesting thcin the TA students did.

Also,

a considerably greater percentage of them were in favor of
recommending the course to a friend.
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These findings were supported and augmented by the data
collected during the two sets of interviews.

The TA

subjects performed in a manner that was consistent with
previous research findings on the limitations of their
curriculum.

Their algebra knowledge seemed to consist of a

set of skills and memorized procedures for solving very
specific types of problems.

These skills and procedures did

not appear to be connected to each other, to any conceptual
knowledge, or to any real-life applications.
The students in the TA curriculum reported mixed
feelings about their course, with many of them saying that
they didn't like it and didn't think that it was practical.
Word problems were cited as the most useful, although also
the most disliked part of algebra.

Finally, these students

were vague and negative in their opinions concerning what
their class was all about and what were its most important
topics.
In contrast, the CIA students demonstrated more
flexibility in their problem solving procedures, more
awareness of the real-life applications of their algebra
knowledge, and more understanding of the underlying
concepts.

Also, they demonstrated a better knowledge of and

appreciation for what were the main topics of the course.
They generally agreed that their class was mainly about
functions, tables, graphs, solving problems, and using
computers.
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The subjects in the CIA group were very enthusiastic
about their curriculum and commended it for being practical
and useful.

In their opinion, CIA was more logical and more

m o d e m than traditional algebra.
said, it explained "why."

As many of these subjects

They reported that they enjoyed

working with the computers and also working with each other.
Particular mention was made of the spirit of comraderie that
developed among the students from the cooperative learning
environment fostered in the CIA classroom.
The Function Concept
The results of this study have suggested that the
experimental and control groups were characterized by quite
different profiles of understanding.

In particular, the

analysis of the interview data revealed very different
conceptions of functions evolving in the two groups of
subjects.

During Interview I, the traditional students

demonstrated very little understanding of this concept; and
they did not place much value on its usefulness.

Most of

them could not even give an example of a function at that
time.

By the second interview, they were generally

referring to functions as equations or formulas and giving
examples of them as such.

However, they were confused about

domain and range and had a great deal of difficulty
identifying them, particularly in the nonnumeric examples.
Even in the first interview, it was clear that the CIA
subjects had richer conceptions of functions than did the TA
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subj ects.

The second interview reinforced this finding and

showed that their conceptual knowledge had continued to
develop as the semester progressed.

In both interviews, the

CIA students described functions as relationships between
variables, as dependency relations involving input and
output, and as cause-and-effect situations.

The numerous

examples given by this group were typically presented in
terms of realistic situations, and they were quite excellent
and varied.

They served to further illustrate the fact that

the CIA students had an awareness of and appreciation for
the importance of functions both in the classroom and in
their everyday lives.
The CIA group was also more inclined to use functions
and general formulas in their problem solving attempts than
were the traditional students.

They had clearer conceptions

of domain and range, which they expressed as input and
output; and they were better at identifying them in relation
to numeric and nonnumeric examples.
The richer conceptions formed by the CIA students about
functions can be traced directly to the corresponding
instruction, examples, and exercises used throughout their
curriculum.

Functions are introduced in the beginning of

the CIA course and are defined as relationships between
variables.

Each lesson begins with a concrete situation to

be modelled and explored, which serves to make the material
more meaningful and relevant.

The students are then
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required to analyze and describe the input and output
variables for the functions involved in the various
mathematical models.

This familiarizes them with the uses

and properties of functions expressed in the different
representation systems, with the associated subconcepts of
domain and range, and with the occurrences of functions in
real-life situations.
General Observations
In addition to the previously described data and
results, there were some observations made by the researcher
which are of a more subjective, anecdotal nature.

The

majority of these are related to the non-ideal circumstances
under which the CIA curriculum was implemented and tested.
This was the first time that the researcher had taught the
CIA curriculum, whereas he had many years of experience in
teaching the traditional course.
experience for the students.

Similarly, this was a new

Both they and the teacher had

to undergo a period of adjustment to the different demands
and opportunities presented by this innovative curriculum.
The researcher was challenged to adopt new and varied
methods of teaching, while the students were required to
adapt to novel roles as more active and responsible
learners.

The emphasis was on a type of learning different

from what these students had previously encountered, and the
methods and instruments of assessment were also unfamiliar.
After undergoing a sharp learning and adjustment curve early
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in the semester, both teacher and class began to function
quite well in their new roles.

The classes became vibrant,

interesting, and challenging educational experiences for all
involved; and the students made many comments about the
superiority of this approach to the traditional course.
Toward the end of the semester, the CIA curriculum had
to be discontinued in favor of attempting to prepare for the
departmental final examination.

The change in the class at

this point was very dramatic as the students became so
disinterested and bored that they were frequently observed
to be dozing off during class.

This was partially

attributable to the fact that the class had been scheduled
late in the afternoon, a situation which also contributed to
a problem in attendance on some days.

Finally, although few

of the students in any of the classes were academically
oriented, an apparently disproportionate number of the CIA
students reported previous negative and/or unsuccessful
experiences with algebra.
Validity
In any type of research, there will be threats to the
internal and external validity of the results.

This section

contains a discussion of the primary threats to both of
these types of validity for the findings reported in this
study.

The discussion is divided into two parts.

The first

part concerns the degree to which the effects of extraneous
variables have been controlled, and the second involves the
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extent to which these results can be generalized to other
populations and settings.
Threats
This experiment employed a nonequivalent control group
design which, according to Borg & Gall (1989), is the most
widely used quasi-experimental design in educational
research.

The distinguishing features of this type of

design are non-random assignment of subjects to groups and
the administration of a pretest and a posttest to the
groups.

Since it was not feasible to randomly assign

subjects to the CIA section, the experimental class was
formed on a volunteer basis.

As Borg and Gall (1989)

further point out, legal and ethical constraints necessitate
the use of volunteer subjects in nearly all of educational
research.
These constraints, as well as university and
departmental policy, required that the students in this
project be informed of the experimental nature of the CIA
course before they were allowed to enroll.

However, they

were not told any of the specifics of the research proposal.
None of the students voiced any objections to the proposed
research or indicated any concern about the use of the
results.

Their main interest was not in volunteering for an

experiment per se but was in signing up for a new and
different College Algebra course.

This fact became clear

during subsequent conversations with these students in which
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they cited their disenchantment with the traditional algebra
curriculum and their interest in computers as the primary
reasons for taking the CIA class.
The main threat introduced by the use of volunteers was
the possibility that the results were caused not by the
treatments, but by initial differences among the groups
(i.e., differential selection).

Other potential threats to

the internal validity of this experiment included
differential mortality (attrition) and selection-maturation
interaction (age).

Since the only data used in this

research were from students who completed the entire study,
differential selection and attrition can be combined and
addressed jointly as two factors contributing to initial
group differences.
There were several methods used in this project for
dealing with such threats.

The first of these involved the

collection and reporting of detailed information about the
three classes at the start of the semester (see chapter 4).
This information was intended to help the researcher and
others to analyze the characteristics of each group and
decide what effects any pre-existing group differences may
have had on the results.

Also, data were gathered on the

withdrawal rates in the various sections of the course in
order to provide a further description of the groups (see
chapter 4).
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The experimental and control groups were compared from
several different perspectives, and they were found to be
similar on most variables. The data revealed no significant
differences in gender, algebra backgrounds, attitudes
towards mathematics, computer experience, or conceptual
knowledge of functions among the three classes in the
beginning of the course.

The differences that were found at

this time indicated that (a) the CIA students were older (on
average) than the TA students; (b) they were poorer in
mathematics (as measured by their Math ACT score); (c) they
were expecting a more interesting and less difficult course;
and (d) the students had a better perception of the
researcher than they did of the instructor for the other
traditional class.
In addition to identifying and analyzing initial group
differences, the statistical method of ANCOVA is recommended
in a design such as this one.

According to Hinkle, Wiersma,

& Jurs (1988), ANCOVA provides a post hoc statistical
procedure to adjust for preexisting differences among intact
groups.

This was done for all of the posttests with the

corresponding scores on the pretests used as covariates,
thereby reducing the effects of initial differences between
the experimental and control groups.

This type of analysis

allows for the conclusion that the differences observed on
the posttests could not be attributed to the controlled
variables.
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The next safeguard to internal validity involved
entering each of the other, previously identified,
extraneous variables into the statistical analysis of the
functions posttest.

This was accomplished by performing new

ANCOVA's with blocking defined for the following variables:
Sex, Age, Math ACT, and the computer background variables
(Computer at Home, Computer at Work, Computer in Other
Courses, and Taken Comp-Sci Courses). None of these
variables, except Math ACT, had any significant main or
interaction effects on any of the posttest results.
The evidence therefore supported the following
important conclusions.

Not only was selection-maturation

not a confounding factor, but the only extraneous variable
that did influence the posttest results was the students'
mathematical competence (Math ACT).

It had already been

established that the CIA class was comprised of poorer
mathematics students, a situation probably resulting from
the fact that these students were seeking an alternative to
the traditional program.

Also, fewer of them withdrew from

the course during the semester, possibly due to the fact
that they were meeting with more success than they had in
the past.

Nevertheless, these generally weaker students

were able to significantly outperform their traditional
counterparts on all except one category of the posttest.
Since it was also determined that the Math ACT scores
were positively correlated with the posttest results, this
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factor actually served to strengthen the findings rather
than threaten their internal validity.

An additional

benefit derived from the consideration of the effects of
this variable was that it helped to clarify the analysis of
the results from the departmenta1 final examination.
The potential problems associated with the use of
volunteers must also be addressed in reference to the
qualitative data collected during this project.

The

subjects for the interviews were picked from a pool of
students who indicated a willingness to participate in this
phase of the research.

The selection process was guided by

the goals of picking subj ects that represented a range of
abilities and balancing the groups in terms of gender.
Detailed information and individual descriptions were
provided for each of these subjects.

They were portrayed in

terms of their algebra backgrounds, computer experience,
performance in class, opinions about algebra, conceptions of
functions, as well as any other information deemed relevant
to this investigation (see chapter 4).
The evidence here suggested that the CIA interview
subjects were poorer in mathematics them the TA subjects
interviewed, and they represented more of a range of
abilities.

While the CIA group had course grades ranging

from ,,A" to "F", the TA subjects all turned out to be above
average ("A" or "B") students.

In addition to this, the
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traditional group contained an outlier who was much superior
to the rest of the students.
A primary threat to the validity of this type of data
is the experimenter effect, which was made possible by the
fact that the researcher was the person conducting and
analyzing the interviews.

Even though every effort was made

to treat all of the subjects equally and not to influence
their answers in any way, the semi-structured format of the
interviews allowed for the possibility that the biases or
expectations of the observer may have led to distortions in
the data.

Factors operating outside the awareness of the

researcher could have influenced the behavior of the
subjects as well as the collection and interpretation of the
data.
Experimenter bias is a particularly troublesome factor
when, as in the case of these interviews, the data being
gathered are subjective in nature.

Therefore, a great deal

of effort was put into the planning of these instruments;
and much care was taken to be as objective as possible
during both their administration and analysis.

The

interview protocols were followed very closely while still
allowing enough flexibility for each interview to pursue the
most interesting and revealing avenues of investigation.
In an effort to fully document this aspect of the
research, complete listings of the protocols have been
provided in Appendices E & F; and two of the interviews were
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transcribed in their entirety in Appendixes I and J.

Also,

the reporting of these data was preceded by qualifying
comments and cautions to the reader about the potential
problems involved in interpreting and generalizing
qualitative results.

Finally, since experimenter bias is

also a threat to external validity, it is discussed further
in the following section on limitations.
Limitations
The threats to the external validity of an experiment
determine the limitations that must be placed on the
generalizability of the results.

In this case, the most

conspicuous threats were introduced by the dual role of the
researcher who also functioned as the experimenter.

It is

plausible that his biases could have influenced either his
performance or that of the subjects.
Relevant to the researcher's behavior (and that of the
other instructor involved in this project), an independent
observer was invited to attend several sessions of each of
the three classes of primary interest to this study.

Her

report serves as evidence that fair and equitable treatment
was accorded to all groups (see Appendix K).
The other potential problem in this regard stems from
the chance that the experimenter's expectations could
somehow, perhaps unconsciously, be communicated to the
subjects and have an effect on their behavior.

All of the

subjects were aware of and had given their consent to
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participating in a research experiment.

However, they did

not know the focus or the intent of that research; and they
didn't appear to be very interested in those aspects of the
project.

Their goals seemed to coincide with those of most

other College Algebra students in that they were trying to
fulfill part of the university's mathematics requirements by
passing the course.
There are two other sources of contamination which
could be viewed as limitations to the generalizability of
the findings reported in this document.

The first is known

as the Hawthorne (or placebo) effect, in which the
experimental group performs atypically because of the
increased attention they receive merely from being involved
in an experiment.

Secondly, the novelty of the experimental

curriculum could have exerted a positive, but temporary
effect on the performance of the CIA students.

These two

factors should be considered even though the researcher
observed no evidence that either of them were operating
here.

Given the effectivity of technology in our society

however, these factors cannot be entirely discounted.
In this experiment, the sample was taken from the
experimentally accessible population, which consisted of the
students taking College Algebra at Southeastern Louisiana
University (SLU) in the spring semester of 1993.

The

preceding discussion concerning potential limitations refers
to the generalizability of the results to this as the target
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population.

Any attempts to generalize beyond this

population to other institutions or settings should be
approached with caution.

Careful thought should be given to

the characteristics of each group to determine the
similarity of the populations involved.

Factors such as

algebra background, computer experience, mathematics
ability, socio-economic status, and others are quite
pertinent and should be taken into consideration.
Conclusions
It was the goal of this research project to create a
set of conditions such that the observed differences could
be attributed with a high degree of confidence to the
experimental treatment and not to any extraneous variables.
The case has been presented here that this was accomplished.
Moreover, it was done in spite of the presence of two
significant obstacles, namely, the use of volunteers and the
dual role of the researcher who also functioned as the
experimenter in this study.
The overall conclusion of this research is that the CIA
students developed a richer understanding of functions than
did their traditional counterparts and they did so as a
result of their participation in the CIA course.

Also, the

attitudes of these students towards mathematics improved;
and their levels of anxiety in relation to the subject
decreased because of their CIA experience.

Additionally,
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CIA achieved a higher percentage of successful students and
was rated as more interesting than traditional algebra.
The results relevant to the students7 procedural skills
were less definitive.

Whereas other research (Boers-van

Oosterum, 1990) found that the CIA students were just as
proficient in manipulative skills as the TA students, that
finding was only equivocally replicated here.

The

performance of the CIA subjects on the departmental final
examination did seem to indicate a lower level of
proficiency in symbolic manipulations.

However, the

statistical analyses which adjusted for the lower
mathematical competence of these students revealed no
significant differences between them and the TA students on
that instrument.

Also, there were several other factors,

such as major differences in the content and emphasis of the
two curricula, which influenced their ostensibly poor
achievement in the area of skills development.
In general, the CIA curriculum yielded very positive
results even though it was tested under conditions that were
far from ideal.

When the findings of this study are

combined with those from previous research (Boers-van
Oosterum, 1990; Matras, 1989), the conclusions that emerge
about the Computer-Intensive Algebra curriculum are as
follows:

(a) It produced students with better problem

solving abilities; (b) it fostered student development of
richer concepts of variable and function; and (c) it
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improved students' attitudes and reduced their anxiety
toward mathematics.
Implications and Recommendations
This project naturally produced some implications for
educational theory and practice as well as recommendations
for further research.

The following paragraphs contain a

discussion of these important topics.
Theory
The primary purpose of this study was to examine the
effects of the CIA curriculum on students' understanding of
the function concept.

A natural prerequisite to the

investigation was a delineation of this type of conceptual
understanding.

Furthermore, the definition had to be in the

format of a working model which could be operationalized and
assessed.

These considerations lead to the development of

the theoretical model for describing a conceptual knowledge
of functions which established the basic foundation for this
project.
As described previously in this document (see chapter
2), the function model represents a synthesis of the ideas
of this author and other mathematics educators as expressed
in the literature on this topic (Dreyfus et al., 1990; Fey,
1992; Kaput, 1989; NCTM, 1989; Thompson, 1985; & others).
Firmly rooted in a problem solving environment, the model is
formulated in terms of the uses of functions to solve
problems.

The rationale for this approach is the nearly
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universal agreement that problem solving should be the focus
of school mathematics and that functions are the primary
tools in that process.
Subsequent to establishing a solid theoretical basis
for the model, the next aspect to be evaluated is its
performance in the experiment.

With the exception of the

reifying component, the model worked quite well for the
purposes of this research.

It provided a well organized and

clearly defined structure for the research questions of the
study, for the instruments used to investigate those
questions, and for the analyses of the results from those
instruments.
Recall that the function model consists of four
component competencies:

(a) modelling - using functions to

represent a problem situation; (b) interpreting - explaining
a function representation in terms of the problem situation;
(c) translating - making transitions between the different
representation systems of functions:

equations, tables, and

graphs; and (d) reifying - conceiving of a function as an
abstract mathematical object.

Associated with these

components is a set of procedural skills and symbol
manipulation techniques which allow the student to operate
within the algebraic representation of the problem.
The individual components of modelling, interpreting,
and translating were all rather straight-forward to
operationalize and assess.

However, there were some areas
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of overlap and ambiguity even for these components.

For

example, the processes of modelling and interpreting
probably operate more in a cyclical pattern than in
isolation within a problem.

Thus, a question intended to

focus on the modelling component necessarily involved a
certain amount of proficiency in interpreting.
Another difficulty with the implementation of the model
in terms of an evaluation instrument was anticipating the
variety of solution paths that the students would choose.
An example of a potential problem in this regard would be a
question which was aimed at probing the students' ability to
translate from an equation to a graph.

A student might

actually perform two other translations, first from equation
to table and then from table to graph.

Although this type

of situation might cloud the analysis of the various
subcomponents within the model, these instances usually
required abilities confined within only one component (e.g.,
translating as in the case just presented).
Reifying was unquestionably the most troublesome
component for the researcher as well as the students.

This

component is described in the literature as the final stage
in the acquisition of the function concept and as one of the
most essential steps in learning mathematics (Dreyfus et
al., 1990; Thompson, 1985).

Based on Piaget's notion of

"reflective abstraction," it has been said to represent the
ultimate goal in the instruction and learning of functions.
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Reification refers to the creation of a mental object
out of what was initially perceived as a process or
procedure.

This mathematical object is then seen as a

single entity that possesses certain properties and that can
be operated on by other higher-level processes, such as
transformations or composition.

This definition leads quite

naturally to the operationalization used for reifying in
this experiment.

The probes for this component investigated

precisely these two characteristics, namely, the students'
knowledge of the properties of certain families of functions
and their ability to perform operations on them.
The problematic encountered here was that these probes
were not sensitive to the nuances of the reification
construct.

A knowledge of the properties of functions, even

when expressed in terms of their various representational
systems, was not a convincing indicator that abstraction had
been achieved.

Similarly, the ability to correctly combine

functions could be based on a procedural, rather than a
conceptual instantiation of that process.

In fact, the

evidence from the interviews strongly suggested that this
was the case for most of the students.
Another feature of the proposed model that needs to be
discussed is the fact that it is not inclusive of all
aspects of the function concept.

This is due mainly to the

many layers of complexity associated with this type of
mathematical knowledge.

In particular, the model does not
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confront: -the issue of distinguishing between relations and
functions.

Although the ability of students to determine

whether or not a relation is a function is the object of
considerable research in the literature on functions, it was
not covered in the CIA course; nor was it considered to be
of critical importance to this project.
It may also be noted that the proposed model made no
specific references to function notation and terminology.
This kind of knowledge was judged to be subsumed by the
various component competencies in the model and its
associated set of procedural skills.

Also, these aspects of

the students' knowledge were evaluated during the analysis
of the interviews.
Practice
The implications for practice that emanate from this
study can be divided into two categories.

First, the

contributions of this project to the mathematics education
community are discussed within the broad context of the
current debate about the algebra curriculum.

The second

category includes recommendations of a more specific nature
that were suggested by the results of this experiment.
Broad Framework
As discussed in chapter 1, the traditional mathematics
curriculum has been strongly criticized by many segments of
society.

One of the principal indictments of the present

system is the large number of students emerging from school
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who are prepared for neither college nor the workforce
(NACOME, 1975).

Among the calls for reform, some of the

most notable voices come from within the mathematics
education community itself.

For example, the widely

acclaimed Curriculum and Evaluation Standards for School
Mathematics (NCTM, 1989) establishes a broad framework for
reform in the teaching and learning of mathematics based on
societal goals, student needs, research, and experience.
Two of its principal themes are the importance of a
meaningful and relevant mathematics education for everyone
and the major role of technology in the future of
mathematics education.
Because of the preeminence of algebra in the
mathematics curriculum and in the experience of most
students, it qualifies as a leading target for the reform
movement.

The major criticisms leveled at the traditional

algebra curriculum involve its overemphasis of symbolism,
manipulative skills, and rote memorization of facts at the
expense of the development of concepts and problem solving
abilities.

Other characteristics of traditional algebra

under attack are its restricted use of technology and
limited number of real-life applications (NCTM, 1992) .
The dominant value issue in this forum of ideas about
the mathematics curriculum is the apparently universal
agreement that problem solving should be the focus of
attention at all levels (National Council of Supervisors of
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Mathematics, 1978).

Problem solving can be viewed and

evaluated from several different perspectives:

as a

process, as an educational goal in itself, or as an
instructional approach (Wilson et al., 1993).

Problem

solving environments and instructional strategies are
promoted as being consistent with a constructivist approach
and are characterized by active student involvement in and
responsibility for the learning process (Dreyfus et al.,
1990).
Another leading issue in the algebra curriculum debate
is the balance between procedural and conceptual knowledge.
In the present curriculum, few students develop a deep level
of understanding of algebraic concepts, such as variable and
function (Fey, 1992).

As a consequence, there is widespread

support for deceased attention to procedures and increased
emphasis on concepts (NCTM, 1989).

Furthermore, there are

many educators who advocate the use of the function concept
as the central organizing principle for the algebra
curriculum (Heid et al., 1990; NCTM, 1992).

Their arguments

are based on the universality of functions in the
mathematics curriculum and their uses in other disciplines
and in real-life applications.
The third major issue in this arena involves the
rapidly expanding role of technology in society, in
mathematics, and in mathematics education (Heid & Baylor,
1993).

Proponents of the incorporation of technology into
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the algebra curriculum frequently cite the following
benefits to be derived from the use of calculators and
computers:

(a) their power to support and enhance rich

problem solving environments (Fey, 1992), (b) a decrease in
the amount of time required for skill development, thus
allowing for more concentration on conceptual understanding
(Wagner & Parker, 1993), (c) the graphical advantages of
computing utilities (MAA, 1991), and (d) the potential for
deeper student understanding of algebraic ideas (Kaput,
1989).
Significance for Practice
The merits of this study can be examined within this
broad framework of the debate about the algebra curriculum
or from a more focused perspective concentrating on an
evaluation of the CIA development project.

In terms of the

algebra reform movement, CIA represents a complete algebra
curriculum which incorporates the major new themes and
innovative methods recommended by the mathematics education
community.

Therefore, this study contributes to the

empirical evidence regarding the effects of implementing
those suggestions.

Furthermore, it can be seen as

complementary to more narrowly focused research in which
single aspects of new learning environments are minutely
analyzed.
The primary components of the reform movement formed
the basic principles upon which the CIA curriculum was
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developed.

The key ingredient is the problem solving

approach based on the modelling of realistic situations.
Secondly, CIA focuses on conceptual as opposed to procedural
knowledge, with particular emphasis on the concepts of
variable and function.

Finally, technology is used

extensively throughout the curriculum in conjunction with a
variety of instructional methods, including cooperative work
between pairs of students on the computer.
The portrait that is emerging from this and other
research on learning environments with these characteristics
is that of students who are better, more flexible problem
solvers and analyzers.

They have a broader and richer

understanding of the concepts, particularly variables and
functions.

These students seem to value mathematics more as

evidenced by their improved attitudes toward the subject and
their comments about its usefulness.

Also, the decrease in

their anxiety toward mathematics indicates a greater level
of confidence in their mathematical ability.

All of these

are qualities which are being promoted as the desired goals
of algebra instruction.

Furthermore, these effects have

been achieved in technologically oriented environments,
thereby demonstrating the power of technology to support
these kinds of outcomes.
In addition to the contributions of this study to the
overall picture in the forum of algebra ideas, there are
important consequences more specific to the CIA curriculum.
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CIA is a post-technology curriculum; that is, it is an
interpretation of mathematics education given the
availability of these computing utilities.

While previous

research had investigated CIA's effects concerning problem
solving and variables, its' effects relevant to the most
important concept of function remained to be examined.

This

research was therefore essential to the CIA curriculum
development project, and its results have a direct and
positive significance for this new direction in algebra.
An additional feature of this study is that it was
conducted at the university level.

Although CIA was

originally designed as a high school algebra course, it was
shown to be effective in the college classroom as well.

One

area of particular concern at SLU is the large percentage of
withdrawals and failures in the algebra courses (over 50%).
In the CIA section of College Algebra, the combined
withdrawal/failure rate was approximately 28%.

This

indicated a much higher percentage of students successfully
completing the course, a goal of great importance to both
the faculty and administration of this university.
Pragmatic Factors
The reform of the mathematics curriculum needs to be
based on national goals and standards, such as those
provided in the Standards (NCTM, 1989).

However, if the

changes are to be meaningful and lasting, they must be
implemented on a local basis (NRC, 1989).

While it is
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generally agreed that the success of this type of strategy
is dependent on the support of all segments of society, the
most important persons in this process are the teachers
(National Commission on Excellence in Education, 1983).
The pragmatic factors encountered during this project
can be discussed from a more local, autobiographical
perspective.

In this case, the researcher was solely

responsible for investigating, proposing, and implementing
the innovative algebra curriculum.

This was accomplished in

spite of a lack of cooperation and, in some cases, direct
opposition from administrators resistant to change.

While

some colleagues voiced support for this research, most
seemed indifferent to or somewhat skeptical of the project.
In particular, department members with many years experience
in teaching traditional algebra did not appreciate the need
for dramatic changes; nor were they receptive to the
deficiencies of the present system revealed by this study.
An additional factor relevant to the use of the CIA
curriculum is the cost and availability of computers and
laboratories.

A computer laboratory is required by each

class for approximately one half of the class time, and it
should have at least one computer for every two students.
Also, the students need access to the computers at other
times in order to complete their homework assignments.
Class size is another matter that needs to be taken
into consideration.

The typical College Algebra section at
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SLU has an initial enrollment of approximately 45 students.
The CIA class was limited to 32 because of the number of
computers available, but even this number proved to be very
difficult to manage effectively.

The flexibility of the

curriculum, allowing for the students to be working in
different sections of the workbooks, combined with the
laboratory setting to place enormous demands on the teacher.
These conditions clearly demonstrated the need for either
smaller classes or teacher aides, especially during
laboratory times.
Specific Recommendations
Relevant to the teaching and learning of algebra, the
fundamental suggestion would be to employ a problem solving
approach based on the modelling of realistic situations.
The use of real-life applications to introduce new topics
and reinforce familiar ones makes the material more relevant
and interesting to the students.

The evidence collected

here suggests that this would help to remedy one of the
major weaknesses in the traditional curriculum documented in
this study, namely, that its students consider algebra to be
impractical and dull.
Functions, as well as variables, should be introduced
early and used throughout the course.

The dynamic view of

variables as quantities that change and of functions as
relationships between those variables should be promoted.
Whereas the learning in traditional algebra is characterized
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by an emphasis on symbol manipulations and rote applications
of highly specific problem solving procedures, the
curriculum should be revised so that the focus is on the
development of conceptual knowledge.

Also, the students

should be encouraged to become knowledgeable about the
different representation systems used in algebra and to
develop proficiency in translating among them.
Within this framework of problem solving and conceptual
development, technology should be incorporated into the
curriculum through the use of various technological tools.
Calculators and computers, with different software packages,
can allow for the exploration of more realistic situations
and assist students in the modelling and problem solving
processes.

Finally, collaborative work should be encouraged

as the students discover and discuss mathematical ideas.
Research
The ultimate goal of this research is to improve the
teaching and learning of algebra, particularly in relation
to the concept of function.

The theoretical model proposed

here represents this author's attempt to impose some
structure and organization onto the complicated fabric of
interrelated ideas comprising this notion.

It is hoped that

other researchers will continue and extend the investigation
of functions within this framework.

In particular, the

reifying component has manifested itself as an appealing
area for further analysis and exploration.

A more complete
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and refined understanding of this and other aspects of the
function concept and its acquisition is key to designing
ways to help students develop powerful conceptions about
this most important mathematical entity.
Some more specific recommendations for further research
also arise from the observations and discoveries made during
this investigation.
follow-up study.

The first would be in the area of a

Since the function concept is an abstract

and difficult one, it takes time for it to develop.
Therefore, an examination of the retention and further
development of this concept in the CIA students would be
interesting.

An additional benefit to be derived from a

longitudinal study would be an evaluation of their
performance in subsequent mathematics classes.
As an extension to this idea of a follow-up study, the
suggestion would be to implement the CIA curriculum as a two
semester sequence rather than a one semester course.

It was

designed to be a year-long algebra course in high school and
would probably be more effective as such at the college
level as well.

This would allow sufficient time for the

entire curriculum to be covered.

The analyses conducted in

this project could then be repeated with the likelihood of
even more positive and informative results.

In particular,

since the last two chapters in the CIA textbook were
intended to serve as a bridge between it and traditional
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algebra, the evaluation of skill development would be more
equitable if performed after this material had been covered.
There were two other findings revealed during this
project which invite further exploration.
the domain of affective variables.

The first is in

The CIA curriculum was

shown to have significant positive effects on the students'
attitudes towards mathematics and on their anxiety in
relation to the subject.

The second result, which was

probably related to the first, was the higher percentage of
students who successfully completed the CIA course.

Studies

could be designed to specifically investigate these areas
which are presently of great concern to mathematics
educators and researchers involved in higher education.
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This appendix contains the pretest as it was given to
the students in the Computer-Intensive Algebra and
traditional algebra classes.

259

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

260
TEST 1
Name:

________________________

Gender (Circle one):

M or F

Number of previous algebra courses
taken (Circle one): 1 2 3 4.

Soc. Sec. No:

__________

ACT Math Score:_________
Age:

________

Please show all of your work on these pages and put your
answers in the spaces provided.
1. John plans to rent a car for a day. He finds out that the
cost for one day is $25 and the mileage charge is $0.19 per
mile.
_____________

a.

Find the cost if the number of miles is 200.

b. Find the number of miles if the cost is
$45.90.

c.

2.

Using C for the cost and x for the number of
miles, write a symbolic rule (or equation)
which expresses the cost as a function of the
number of miles.

Suppose that the following table gives
the distance (d), in miles, that a cyclist
rides for different times (t), in hours.

a.

b-

c.

t
2

3
5
10
20

d
10
15
25
50
■p

What would be the distance for a time of 20
hours?

How fast is the cyclist riding?

Write the symbolic rule relating d and t.
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3.

Answer the following questions for the graph that is given.

____________

4.

5.

a.

Write two ordered pairs
that are on line A.

b.

Write the equation whose
graph is line A.

c.

Write two ordered pairs
that are on line B.

d.

Write the equation whose
graph is line B.

For the function f(x) = mx + b, answer the following:
a.

What type of function is f(x)?

b.

Relative to the graph of f(x), what is the
significance of ■?

c.

Relative to the graph of f(x), what is the
significance of b?

A company produces calculators for $30 each, and it sells
them for $90 each. Its monthly fixed cost is $15,000.

____________

a.

Find the monthly cost if the company produces
80 calculators.

b.

What is the number of calculators produced if
the revenue is $22,500?

c.

Write a symbolic rule expressing the monthly
cost (C) as a function of the number (n) of
calculators produced.

d.

Write a symbolic rule expressing the revenue
(R) as a function of the number (n) of
calculators sold.
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6.

Suppose that you are in charge of ticket sales for the school
dance, and you determine that your profit (P) is determined
by the number (n) of tickets sold according to the formula:
P(n) = -o.ln3 + 16n - 150

Describe briefly in words the information that is expressed
by the following equations:

7.

a.

P(100) = 450.

b.

P(0) = -150.

c.

If n< 10, then P(n) < 0.

d.

If 10 < n < 150, then P(n) > 0.

Answer the following questions relative to the graph of the
function f(x) = ax3 + bx + c
a.

Whatis the significance

b.

What

of c?

is the significanceof

the sign of a?

c. How many x intercepts could there be and how could you
determine them?

8.

Make a table of four values for the following:
y = x* -

6X3

+ 3x + 10.

x

y
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9.

Below is a list of equations and a set of graphs. Match the
graphs to three of the equations by writing the letter of the
equation in the space below the graph to which it
corresponds.
(a) y = xa - 4x + 3

(b)y

= 5x + 2

(c) y = -x2 + 2x + 3

(d) y

= e*

(f) y

= x* - x - 2

(e) y = x3 - 6xa + 3x

10.

A video company determines that its revenue (R), in thousands
of dollars, is dependent on the number of tapes (n), in
thousands, that it rents; and the number of tapes that it
rents depends on the price (p) according to the following
formulas:

_

R = na + 3n
a.

and

n = 5 - 2p

Write the formula for R in terms of p.
b.

11.

+ 10

Find the revenue for a price of $1.50

A bank robber is driving away from the scene of the crime,
and he is being chased by a policeman. The robber's distance
is given by d = 3t + 6, and the policeman's by d = 2t3 + 1,
where t is time.
a.

Write the formula for the distance between
the policeman and the robber in terms of
time.

b.

When will the policeman catch up with the
robber?
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12.

The graph below gives the speed of an automobile, in miles
per hour (mph), during a 10 hour trip. Use this graph to
answer the following questions as accurately as possible
70
60
50
40
Speed
30
(mph)
20
10
0

2

4

6

8

10

Time (hours)
a.

What was the speed when the time was equal to
2 hours?

b.

At what time was the speed equal to 50 mph?

c.

When was the speed increasing?

d.

How much did the speed decrease in the first
three hours?

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

265
13.

Suppose that a roast is put into an oven and its internal
temperature, is recorded every 10 minutes. Below is a table
of the degrees (D) for the first 90 minutes (■).
■

10

20

30

40

50

60

70

80

90

D

100

180

240

290

330

360

380

390

400

a.

What was the temperature when the time was
equal to 60 minutes?

b.

During which 10 minute interval did the
temperature increase the most?

c.

Which of the following graphs most accurately
represents the relationship between the
degrees and the minutes?

m
(a)
14.

m

m
(c)

(b)

m
(d)

When an object is acted on by the force of gravity, its
height (h), in feet, is dependent on the time (t), in
seconds, according to the following formula:
h(t) = -16t2

ho

where v0 = initial velocity and ho = initial height. Suppose
that a ball is thrown upwards with an initial velocity of 64
ft/sec from a building that is 192 ft. high.
________

a.

b.

Write a symbolic rule expressing h as a
function of t.

Find the height when the time is 3 seconds.
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This appendix contains the posttest as it was given to
the students in the Computer-Intensive Algebra and
traditional algebra classes.
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TEST 2

Name:

Please show all of your work on these pages and put your answers
in the spaces provided.
1.

A truck is loaded with boxes, each of which weighs 20 pounds.
the empty truck weighs 4500 pounds, find the following.

If

a.

The total weight of the truck if the number
of boxes is 75.

b.

The number of boxes if the total weight of
the truck is 6,740 pounds.

c.

Using W for the total weight of the truck and
x for the number of boxes, write a symbolic
rule (or equation) which expresses the weight
as a function of the number of boxes.

Suppose that the following table gives
the value (V), in dollars, of a car for
different numbers of years (t) after it
is purchased.

t
0
2
4
6
10

V
16,800
13,600
10,400
7,200
j

a.

Judging by the data in the table, what would
you predict the value of the car to be after
10 years?

b.

What is the annual rate of decrease in value?

c.

When would you predict the value of the car
to be equal to $0?

d.

Write a symbolic rule expressing V as a
function of t.
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3.

Answer the following questions for the graph that is given.
a.

Write the ordered pairs
for two points on line A.

b.

Write the equation whose
graph is line A.

B

5L

/
/ A

5

4.

5.

c.

Write the ordered pairs
for two points on line B.

d.

Write the equation whose
graph is line B.

/

r-5'

For the function f(x) =* mx + b, answer the following:
a.

What does the graph of ffx) look like?

b.

Relative to the graph of f(x), what is the
significance of a?

c.

Relative to the graph of f (x), what is the
significance of b?

A theater manager determines that his profit (P) is related to
attendance (a) in the following way. He loses $210 if no one
attends, and his profit increases by $3.50 for each person that
attends.
a.

What attendance levels are required to
guarantee at least some profit?

b.

Write a symbolic rule expressing the profit
(P) as a function of the attendance (a).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

5

269
6. Suppose that you are the sales manager for a calculator company,
and you determine that your profit (P) is a function of the number
(n) of calculators sold according to the following formula:
P(n) = -0.2n’ + 36n - 340
Describe briefly in words the information that is expressed by the
following:
a.

P(100) = 1260.

b.

P(0) = -340.

c.

if 10 < n < 170, then P(n) > o.

7. Answer the following questions relative
function f (x) = ax’ + bx + c

to the graph of the

a.

What is the name for this type of graph?

b.

What is the significance of the sign of a?

c.

How many x intercepts could there be and how could you
determine them?

8. Circle the letter below the graph (or graphs) which could
represent a journey, (d is the distance at time t.)

d

t
(a)

t

Cb)

Cc)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

270
9-

10.

Below is a list of equations and a set of graphs. Match each
graph to its equation by writing the letter of the equation in the
space below the graph.
(a) y = x3 - 4x + 3

(b) y = 3x + 2

(c) y = 4x3 - 4x - 3

(d) y = -4x - 1

(e) y = -2x + 3

(f) y = -x3 + 6x - 8

A small company determines its contribution to charity (C) by its
profit (p), which is dependent on the number of items (n) sold
according to the following formulas:
.10(p - 1000)

11.

and

lOOn - n3

a.

What will the company contribute to charity
if it sells 50 items?

b.

Write a formula which expresses C as a
function of n.

A skydiver jumps from a plane, free falls for a while, then opens
his parachute, and floats to the ground. Circle the letter below
the graph which most accurately represents this situation.
(h is the height of the skydiver at time t.)

h

h

h

t

t

t

(a)

(b)

(c)
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12.

The graph below gives the speed of a cyclist on his daily training
ride. During his ride, he must climb a hill where he pauses for a
drink of water before descending. Use this graph to answer the
following questions as accurately as possible.
50
40
Speed
30
(mph)
20
10

0

10

20

30

40

50

60

70

Time (minutes)

13.

a.

Find the speed when time equals 25 minutes.

b.

Find the time when speed equals 30 mph.

c.

During what time intervals was the speed
increasing?

d.

During which 10-minute interval did the speed
decrease the most?

e.

When was the cyclist at the top of the hill?

The hare has given the tortoise a head start in their race.
Suppose that the tortoise's distance is given by d * t + 3, and
the hare's distance by d * 2ta, where t is the time in hours.
a.

Write a formula expressing the distance
between the two as a function of time.

b.

when will the hare catch up with the
tortoise?
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14.

A roast is taken from the refrigerator and put into an oven.
Belov is a table of its temperature, in degrees (D), recorded at
different times during the first 120 minutes (m).
m

0

10

20

30

60

120

D

50

100

140

170

200

220

Draw a graph of this situation.

15.

16.

Suppose that a ball is thrown upwards with an initial velocity of
80 ft/sec from the top of a building that is 96 ft. high.
a.

Write a symbolic rule expressing the height
(h) as a function of the time (t).

b.

Find the height when the time is 3 seconds.

Make a table of four values for the following:
y = 2x* - Sx3 - 4x + 3.
x
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APPENDIX C
REVISED MATH ATTITUDE SCALE

This appendix contains the Dutton Revised Math Attitude
Scale as it was given to the students in the ComputerIntensive Algebra and traditional algebra classes.
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REVISED MATH ATTITUDE SCALE
(Dutton)
Name ___________________________
Please mark the following statements to show how you feel about
each one. The five points are: Strongly Disagree (SD), Disagree
(D), Undecided (U), Agree (A), Strongly Agree (SA).
1.

I am always under a terrible strain in a math class.
SD

2.

SA

D

U

A

SA

D

U

A

SA

D

U

A

SA

D

U

A

SA

D

U

A

SA

Mathematics makes me feel uncomfortable, restless, irritable,
and impatient.
SD

9.

A

I feel a sense of insecurity when attempting mathematics.
SD

8.

U

My mind goes blank, and I am unable to think clearly when
working math.
SD

7.

D

and I enjoy math

Mathematics makes me feel secure, and at the same time it is
stimulating.
SD

6.

SA

Mathematics is fascinating and fun.
SD

5.

A

I do not like mathematics, and it scares me to have to take
it.
SD

4.

U

Mathematics is very interesting to me,
courses.
SD

3.

D

D

U

A

SA

The feeling that I have towards mathematics is a good feeling.
SD

D

U

A

SA
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Revised Math Attitude Scale
10.

D

D

A

SA

D

U

A

SA

D

U

A

SA

D

U

A

SA

D

U

A

SA

D

U

A

SA

D

U

A

SA

I feel at ease in mathematics, and I like it very much.
SD

20.

SA

I am happier in a math class them in any other class.
SD

19.

A

I have never liked math, and it is my most dreaded subject.
SD

18.

U

It makes me nervous to even think about having to do a math
problem.
SD

17.

D

Mathematics is a course in school which I have always enjoyed
studying.
SD

16.

SA

I really like mathematics.
SD

15.

A

I approach math with a feeling of hesitation, resulting from
a fear of not being able to do math.
SD

14.

U

When I hear the word math, I have a feeling of dislike.
SD

13.

D

Mathematics is something which I enjoy a great deal.
SD

12.

Name __________________

Mathematics makes me feel as though I'm lost in a jungle of
numbers and cannot find my way out.
SD

11.

-2-

D

U

A

SA

I feel a definite positive reaction to mathematics; it is
enjoyable.
SD

D

U

A

SA
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Revised Math Attitude Scale

-3-

Scoring: Read each item and decide if agreement with it expresses
a positive or negative attitude. If positive, score SA = 2, A = 1,
U = 0, D = -1, SD = -2. If negative, score SA = -2, S = -1 , u = 0,
D = 1, SD = 2. Total the number values for the items and divide by
20.
This number should lie between 2 and -2, expressing,
respectively, a negative to positive attitude.
0 indicates a
neutral attitude. You may wish to fold this part of the page over
while the student is responding.
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APPENDIX D
MATHEMATICS ATTITUDE INVENTORY

This appendix contains a description of the Mathematics
Attitude Inventory (MAI) which was given to the students in
the Computer-Intensive Algebra and traditional algebra
classes.
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Mathematics Attitude Inventory

Developed By:
Richard S. Sandman
March, 1979

For The:
Minnesota Research and Evaluation Center
Wayne W. Welch, Director
210 Burton Hall, University of Minnesota
Minneapolis, MN 55455

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

279
Part I.

A.

Using the MAI

Instrument Description
The Mathematics Attitude Inventory (MAI) consists of 48 statements

about the study of mathematics.

Students read each statement and decide

whether they strongly agree, agree, disagree, or strongly disagree with the
statement.

They then mark their answer accordingly.

The MAI is designed to measure six different constructs of mathematics
attitude.

The items of the inventory are thus divided into the following

six scales, each intended to measure one of the attitude constructs:
1.

Perception of the Mathematics Teacher.

This scale reflects a

student's view regarding the teaching characteristics of his or her
mathematics teacher.

A high score indicates a favorable view of the

mathematics teacher.
2.

Anxiety toward-Mathematics.

This scale reflects the uneasiness a

student feels in situations involving mathematics.

A high score indicates

high anxiety toward mathematics.
3.

Value of Mathematics in Society.

This scale reflects a student's

view regarding the usefulness of mathematical knowledge.

A high score

indicates high perceived value of mathematics.
4.

Self-Concept in Mathematics.

This scale reflects a student's

perception of his or her own competence in mathematics.

A high score

indicates a favorable self-concept in mathematics.
5.

Enjovment of Mathematics.

This scale reflects the pleasure a

student derives from engaging in mathematical activities.

A high score

indicates high enjoyment of mathematics.
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6.

Motivation ir. Mathematics.

This scale reflects a student's desire

to do work in mathematics beyond the class requirements.

A high score

indicates high motivation in mathematics.

B.

Administration
The MAI can be administered in a group setting or on an individual basis.

Twenty minutes should be enough time for students to complete the inventory,
but there is no time limit, and students should be allowed to work until
they have finished answering all the items.
Directions to the students are given on the front page of the instrument.
For each statement students should answer either 1, 2, 3, or 4 ( alternatively,
SA, A, D, or SD) according to whether they strongly agree, agree, disagree,
or strongly disagree with the statement.

Answers can be marked on a separate

answer sheet, furnished by the user, or on the instrument itself if space
is provided.

The directions on the front page can be modified in accordance

with the answering procedures decided upon by the user.

C.

Scoring Procedures
The MAI was administered to two large samples of secondary students— the

first in 1972 and the other in 1976.

Each sample was composed of eighth- and

eleventh-grade mathematics students from throughout the states of California
and Indiana.

A total of 5034 students were measured.

sampling are given in Part II.)

(Details of the

Factor analyses of item scores provided

evidence that the instrument is actually measuring the six constructs listed
above, and also led to the derivation of the scoring procedures given here.
(Details in Part II.)
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APPENDIX E
RESEARCHER QUESTIONS - PRE

This appendix contains the researcher questions that
were given to the Computer-Intensive Algebra and traditional
algebra classes at the beginning of the semester.
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Name__________________________
Please answer the following questions concerning your feelings
about this course.
(Circle the most appropriate answer)
1.

When you signed up for this course, what did you expect in
terms of difficulty?
Very difficult

2.

Difficult

Boring

Much

Very boring

Little

Very little

How would you rate your chance of failure in this class?
Very likely

5.

Interesting

When you signed up for this course, how much work did you
expect to have to do?
Very much

4.

Very easy

When you signed up for this course, what did you expect in
terms of interest?
Very interesting

3.

Easy

Likely

Unlikely

Very unlikely

What grade do you expect to make in this class?
A

B

C

D

F

Please answer the following questions concerning your experience
with computers.
(Circle the most appropriate answer)
1.

Do you use a computer at home?

Yes

No

2.

Do you have any experience using a computer at work?

3.

Have you used computers in any other courses?

4.

Have you taken any courses in computer science?

Yes
Yes

Yes No
No
No
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APPENDIX F
RESEARCHER QUESTIONS - POST

This appendix contains the researcher questions that
were given to the Computer-Intensive Algebra and traditional
algebra classes at the end of the semester.
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Name

Now that: you have just about finished the course, please answer
the following questions. (Circle the most appropriate answer)
1.

How would you rate this course in terns of difficulty?
Very difficult

2.

Difficult

Much

B

C

D

Unlikely

Very unlikely

F

Much

Little

you in your
Very little

Little

Very little

How nuch do you think this course will help you in your
future career?
Much

Little

Very little

How much do you think this course will help you in your
everyday life?
Very much

10.

Very little

How nuch do you think this course will help you in your
other (non-math) courses?

Very nuch
9.

Likely

Much

Very much
8.

Little

How nuch do you think this course will help
other mathematics courses?
Very nuch

7.

Very boring

What grade do you expect to nake in this class?
A

6.

Boring

How would you rate your chance of failure in this class?
Very likely

5.

Interesting

How nuch work did you to have to do in this course?
Very nuch

4.

Very easy

How would you rate this course in terns of interest?
Very interesting

3.

Easy

Much

Little

Very little

Would you recommend this course to a friend even if it were
not required?
Yes

No
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APPENDIX G
INTERVIEW I PROTOCOL

This appendix contains the prorocol for the first
interview.

It includes the introduction to the interview as

well as the questions and probes that were used.
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Introduction to the Interview
In the next 30 to 40 minutes, I am going to ask you
some questions about algebra.

This is not intended to be

any kind of a test, and you will not be graded in any way.
I am trying to learn more about the way that you go about
solving problems in algebra.

I will audiotape our

conversation so that I can listen to your answers without
having to write everything down.
Some of the questions I'll ask verbally, and some I
have written down on a piece of paper.

For the written

questions, I would like for you to read the question aloud
before you start working it.

When your are working the

problems, I'd like for you to think out loud as much as
possible.

So I'll probably be asking you questions like:

How did you get that?
that?

etc.

Why did you do that?

Can you explain

When I ask questions like these, it doesn't

mean that you have done anything right or wrong.

It only

means that I am interested in how you are thinking, and how
you are going about solving a problem.
Do you have any questions so far?

Shall we start with

the first question?
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Questions
The first question will be asked verbally.

1.

Now that you are just about halfway through the
semester, I am interested in your impressions of the
course. Could you tell me your thoughts about the
course?
What would you say to a friend if they asked you what
this course was all about? What is algebra all about?
In this class we have worked a lot with functions. Can
you tell me what a function is in your opinion?
Can you give me some examples of functions?
Can you give me some examples of how we used functions
to solve problems?

Probes:
a.

Any other examples?

b.

Ask about domain and range.

c.

Do you think that functionsare

d.

Have you ever used functions in any otherschool
subjects? outside of school?

important?

Why?
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Please read the following situation aloud, and then I
will ask you some questions about it.
2.

The senior class decides to install a candy machine at
school to make money for their graduation dance. The
rental for the machine is $10.80 per week. The class
must pay $0.25 for each candy bar which they in turn
can sell for $0.40.

Probes:
Modelling:
a.

Calculate the weekly cost to the class for 80
candy bars, the revenue.

b.

Calculate the number of candy bars corresponding
to a weekly cost of $70.80. a revenue of $132.00.

c.

Write an equation for the weekly cost (C) as a
function of the number (n) of candy bars
purchased, for the revenue.

d.

Find the number of candy bars which would make the
class break even.

Reifying:
a.

Calculate the profit for selling 80 candy bars.

b.

Can you write an equation for the profit (P) as a
functions of the number (n) of candy bars?

c.

How could you use this equation to calculate the
break-even point?

Suppose the class decides to donate 10% of their profit
to charity.
d.

Find the donation for n = 100.

e.

Write donation (D) as a function of n.
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Translating:
Start with the equations for revenue and cost.
a.

Make a table of values for each of the functions.

b.

Draw graphs of the two functions on the same axes.

c.

Estimate some values from the graphs.

Refer to the equation for the profit function.
d.

Graph the profit function.

Interpreting:
Start with the graphs of the cost and revenue
functions.
a.

Ask questions about profit, loss, and break-even
in terms of the graphs.

Use the graph of the profit function.
b.

Ask about key values (break-even, profit for zero)

c.

Ask about type of function, rate of change, slope,
intercepts.

d.

Ask for interpretation of equations like
P(100) = $4.20
P(0) = -$10.80
If n > 72, then B(n) > 0
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APPENDIX H
INTERVIEW II PROTOCOL

This appendix contains the protocol for the second
interview.

It includes the introduction to the interview as

well as the questions and probes that were used.
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Introduction to the Interview
In the next 30 to 40 minutes, I am going to ask you
some questions about algebra.

This is not intended to be

any kind of a test, and you will not be graded in any way.
I am trying to learn more about the way that you go about
solving problems in algebra.

I will audiotape our

conversation so that I can listen to your answers without
having to write everything down.
Some of the questions I'll ask verbally, but most of
them I have written down on a piece of paper.

For the

written questions, I would like for you to read the question
aloud before you start working it.

When your are working

the problems, I'd like for you to think out loud as much as
possible.

So I'll probably be asking you questions like:

How did you get that?
that?

etc.

Why did you do that?

Can you explain

When I ask questions like these, it doesn't

mean that you have done anything right or wrong.

It only

means that I am interested in how you are thinking, and how
you are going about solving a problem.
Do you have any questions so far?

Shall we start with

the first question?
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Questions

1.

Now that you have just about finished the semester, I
am interested in your impressions of the course. Could
you tell me your thoughts about the course?
What would you say to a friend if they asked you what
this course was all about? What is algebra all about?
In this class we have worked a lot with functions. Can
you tell me what a function is in your opinion?
Can you give me some examples of functions?
Can you give me some examples of how we used functions
to solve problems?

Probes:
a.

Any other examples?

b.

Ask about domain and range.

c.

Do you think that functions are

d.

Have you ever used functions in any otherschool
subjects? outside of school?

important?

Why?

e.

Is it possible to have functions which don't
involve numbers? examples? Teacher - grade
example.

f.

Ask about combining functions (their examples).
Is this process a function? Domain and range?
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2.

Consider the function f (x) = mx + b.

Probes:
a.

What type of function is this?

b.

What does the graph look like?

c.

Relative to the graph, what is the significance of
"m" and "b"?

d.

What happens to the graph if "m"

e.

Relative to a table of values, what
significance of "m" and "b"?

is increased?
is the
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3.

The table below gives the average price of a new home
in Smalltown, USA for every two years since 1980.
Year

Price

1980

50,000

1982

53,000

1984

57,500

1986

62,000

1988

67,000

1990

70,000

1992

74,000

Probes:
a.

What would you predict for the price in 1995?

b.

When would you predict the price to be $100,000?

c.

Write the equation expressing price as a function
of the year.

d.

Draw the graph of the data and the equation.

e.

Ask about annual rate of change, slope, and
intercept.
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4.

The graph below gives the speed of a cyclist on his
daily training ride- During his ride, he must
climb a hill where he pauses for a drink of water
before descending. Use this graph to describe what
is happening at each of the labelled points.
50
40

Speed
30
(mph)
20
10

0

10

20

30

40

50

60

70

Time (minutes)

b.

Which of the graphs below could represent a
journey? Explain your answer, (d is the distance
at time t.)

d

d

t

t

(a)

(b)

d

t
(c)

(d)
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5.

Suppose that a ball is thrown upwards with an initial
velocity of 128 ft/sec from the top of a building that
is 144 ft. high.

Probes:
a.

Find the equation which represents this situation.

b.

Find the height when the time equals 2seconds.

c.

Find the time when the ball will hit the ground.

d.

Draw the graph of this situation.

e.

Find the maximum height.

f.

Ask about properties of quadratic functions
(parabola):

g.

If the student makes a table, ask questions about
how the points were chosen, about how many points
were chosen, whether some points are more
important than others, etc.

h.

Ask questions about the vertex and the intercepts.
For example, how can you find the x and y
intercepts? Do they always exist? How many x
intercepts could there be? How do these values
relate to the function? How could they be used to
find the vertex? etc.

i.

Ask questions about the sign of the leading
coefficient and its effect on the graph. Ask
about the effect of the magnitude of this
coefficient.
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APPENDIX I
INTERVIEW II WITH T2

This appendix contains the second interview with T2,
conducted on April 28 , 1993.

As described in chapter 3, T2

was a female student taking the traditional College Algebra
course.

Although she was not the most talented student in

the class, she applied herself well and earned an "A" for
the semester.

This interview was selected because it was

judged to be the most representative of the traditional
students.

A copy of her written work is included at the end

of this appendix.

The interviewer is indicated by IR and

the subject by her code T2.
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IR:

[Reads the introduction to the interview] Now that we
have just about finished the semester, I'd like to get
your thoughts about the course so fax. [Pause] What
are some of the important topics of this course? What
do you think that this course is mainly concerned with?

T2:

Helping us to be able to function in the
whenever math situations might come up.
depending on your profession, determines
will come up. It's important to be able

IR:

What are some topics that we did that you think are
important?

T2:

The word problems, for sure, which I still haven't
mastered yet. [Laughs] Depending on what you're going
to be, all of this stuff could be important if you're a
science type oriented, or math. Being able to figure a
budget is important to people even if they don't even
know it. The percentages on the interest problems were
interesting to me.

IR:

Well, one topic that I'm interested in is functions.
Remember when we talked about functions?

world,
I think,
how much it
to function.

T2: I kinda enjoyed the functions.
IR: Did you?
T2: Yes.
IR: Could you explain to me what a function is?
T2: I'm afraid that I might get it confused with the; I get
them confused with the, uhm, substitution. I think
it's fairly similar, if I remember properly. You kinda
substitute one function into another function. That's
how I remember it. Like f of x, you put the x into the
equation and figure it out. I think that's how you do
it.
IR:

So, could you give me an example of a function?
write one down?

T2: I don't know.

Maybe

Let me see.

IR:

Well, try and see.

It's okay if you get it wrong.

T2:

Uhm. Like write it as an equation, or write it as in
some sort of word problem, or what?

IR: However you want to do it.
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T2:

Because functions could really be used in word
problems.

IR:

Yeah, they could.

T2:

But I'm not good at word problems.
going to write an equation.

IR:

Okay, that's fine.

T2:

Uhm. I can't really think. I can't even think how to
write it. I mean, I know it's f of x is equal to some
sort of equation. Just any equation?

IR:

Yeah.

T2:

And then if you're given an x, you put that into; like
let's say x is 4, you put that into the equation
wherever there's an x; and you find out its value. Is
that basically what you talking about?

[Laughs]

So, I'm

IR: Yeah.
T2:

Say x squared minus x plus 2 or something like that.

IR:

Yeah, that's good. So that would be a function, and
remember when we talked about domain and range?

T2: Uhum.
IR:

Would you be able to explain roughly what those are, or
what they would be for that function that you wrote?

T2: Uhum. Let's see, domain and range. Domain is usually
all real numbers, isn't it? Or range, one of those is
usually all real numbers. Domain, I think. And then
depending on the domain, that kinda determines what the
range is.
IR: Yeah.

Okay.

T2: Is that basically right, or not?
IR: That's fine so far. In general, but I was asking you
more specifically for the function that you wrote down.
Actually, you wrote kind of a hard one.
T2: Well, tell me an easier one.
IR: No, I don't want to tell you. I want you to pick your
own, but that one's okay. You can work with that one.
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T2:

It could be easier, couldn't it? You don't necessarily
have to have it squared or any of that, do you? I mean
that isn't necessary to be a function, or is it?

IR:

It's not necessary, no; but it's fine the way it is.

T2:

So, I have to tell you the domain and range?
can't tell you.

IR:

No, that's okay. Let me ask you something else. Do
you think that you could have a function that didn't
involve numbers, because the function that you gave me
involved numbers; and I was wondering what you thought
about a function that didn't have any numbers.

T2:

Yeah.

IR:

Like what?

T2:

I'm trying to think of something. Say. [Pause] This
particular committee only functions when so and so does
their function. You see what I'm trying to say?

Because I

IR: Sort of.
T2:

This person has to do their function, which is part of
the overall function of this larger group, the
committee; and in order for the whole thing to work,
this person has to work. See?

IR: Sort of.
But, if you describe a function like that,
how would you think about domain and range? How would
that relate to that example?
T2: [Laughs]
I don't know. I was trying to not think of
numbers. I don't know. You've got to put 50 cents
into a coke machine to get a coke. That's basically a
function.
IR: It is?
T2: Yeah. You don't get a coke out unless you put in the x
and give it the 50 cents.
IR: Oh, good.

So, what would be the domain for that?

T2: 50 cents?
IR: And what would be the range?
T2: [Laughs]

One coke?

No.

Is that right?
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IR:

I think that's great. Yeah, that's a good example.
That one involved numbers on one end and cokes on the
other end; so we compromised with that. But that's a
good example. Okay, suppose that you had two
functions. Suppose that I gave you another one besides
the one that you have written down. Well, could you
give me another one? Maybe an easier one, and call it
something else other than f.

T2:

Oh.

IR:

Yeah, g is fine.

T2:

g of x is x plus 1.

IR:

That's fine. Then, do you remember how to combine
those two functions?

T2:

I think so.

IR:

How would you do that?

T2:

Alright, we'll do, substitution?

IR:

That would be one way to do it.
way.

T2:

Put x plus 1 into this problem where the two x's are.
You want me to write it down?

g of x?

Something like that?

There's more them one

IR: Yeah.
[She correctly substitutes x + 1 for x in the formula
for f (x), but doesn't do any simplifying. See copy of
her work at the end of this appendix.]
IR: Good.

Do you remember what you call that?

T2: I was talking about that last night with my son.
He's
doing that in algebra. XJhm. [Pause] I can see it
written down, but I can't think of it.
IR: That's okay. The name of it is not important. I was
thinking about the process that you used in order to do
that. Would you think that process, of putting two
functions together, could be considered a type of
function?
T2: Uhum, I would think so.
IR: You think so?
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T2:

Yeah.

What was it called?

It's bugging me now.

IR:

Oh, okay. It's called composition of functions, but
you didn't have to do that. You could have just added
them together or subtracted them.

T2:

That's true.

IR:

There's a lot of ways to combine them.

T2:

That's called composition where I kinda put one into
the another, g of f of x and f of x and all that?

IR:

Right. So you thinking that could be called a
function; and if that is a function, what would be the
domain and what would be the range?

T2:

Hmm, I don't know.
[Pause]

Maybe the domain would be the same.

IR: The domain would be the same?
T2: I think it would be the same as it is in one of these
problems. I'm just trying to figure out which one.
IR:

As one of the original functions?

T2: Yeah.
IR: Oh, okay.
T2: I'm trying to remember how to do this.
[Pointing to
g(x)] You look at this as this is the y, right?
IR: Yeah.
T2:

That would be good.

So, the range would have to be one plus the domain.
[Laughs] I don't know.

IR: Okay. Well, let's not worry about that. That's
problem Number 1 that we have been talking about. So
maybe you could put a one here so I can keep track. So
I think I want to move on to Number 2.
T2: This one?
IR: No.
T2: Okay.

We're going to leave that situation.
Good.

[Laughs]

IR: No, I thought you gavesomegoodanswers
there, some
interesting answers. I'm going to give you a function,
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an easy function: f of z equals "m" times x plus "b".
Do you recognize that one?
T2:

Uhum.

We're slipping back into slopes, or something.

IR:

Yeah, I was going to ask you about that. So, what kind
of a function is that? Do you know what kind it is?

T2: Linear?
IR:

Yeah. And do you know what the graph of that would
look like?

T2:

Umm, it would be a straight line.

IR:

Yeah. That's all I was asking you. Right. So,
relative to that straight line, what is the "m"?

T2:

The "m" is the slope.

IR:

Good, and what is the "b"?

T2:

The "b" is [pause] the point on the y axis, the y
intercept.

IR:

Good. That's good. So, suppose you had a graph of
that; and then I said "increase the 'm'," what would
that do to the line?

T2:

Okay, if you increase the "m", I'm trying to do one in
my head.

IR:

You can

T2:

Say the
"m" is 2.
two, right?

IR:

Okay.

T2:

If you increase it to 3, that means it would make the
line go up more, quicker.
Is that right?

IR:

I can't

T2:

You're not going to tell me if I'm right or wrong.
think the line would go up quicker.

IR:

Okay, that's good. Now, let's not think about the
graph for a minute. Let's think about if we had a
table of values for that function? Can you picture
that?

I know that.

do it on paper ifyouwant.
That meansyou go over one and up

tell whether it'sright or not.
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T2:

Uhum.

IR:

Okay. How could you tell what the "m" is from the
table of values?

T2:

From looking at the table? Uhm, wait a minute, y minus
x. [Pause] Oh, you need two points. I'm starting to
figure it out by looking at it.

IR:

You would have a whole table of values; you would have
a lot of points, say you'd have about 10 of them.

T2:

It equals y minus; it's equal to the run over the rise,
the rise over the run, rise over the run.

IR:

Okay.

T2:

The rise is going to be y2 minus x2, or is it yl minus
x2. Uhm, I think this is it.

IR:

Okay, so there's a formula that you would use?

T2:

Right.

IR:

What about "b"? How could you tell what "b" is from
the table, or could you?

T2:

From the table? Well, you could figure out what Mm"
is, pick any x, do the formula, and solve for "b".

IR:

Yeah, that would be good; that would work. Okay, let's
go to the next page, unless you're still wondering
about that one.

T2:

[Laughs]
book.

IR:

Okay, we can talk about it later on. This is a table
of values for average prices of a house from 1980 to
1992 [see Problem 3]; and what I'd like to see if you
could do is, somehow using that data, predict what the
value of the house would be in a different year, say
1995.

T2:

I don't know.

IR:

Well, I'm not expecting that it's the kind of problem
that we've done. I'm seeing if you could sort of
figure out how you could do that.

T2:

19 what?

That's okay.

I'll look it up when I get my
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IR:

Oh, 95. [Pause] And I'm really curious as to how you
think you might be able to go about doing it, more so
than if you get the right answer.

T2: Well, I would look at these and see how the increases
went; see if there was somesort of pattern to it.
IR: Okay, why

don't we do that?

T2:

Alright.
This one increases by3000, this next one
increases by 45, 45 again, 5, 3, and 4. [Laughs] I
see no pattern. I mean, I'm sure there probably is
one; and I don't see it.

IR:

Alright.

T2:

It's probably something you can do with percentages,
but I'm terrible with percentages.

IR:

Yeah. [Pause]

T2:

Uhum.

IR:

Well, what do you think you calculated when you
calculated those differences?

T2:

I'm sorry; I'm couldn't really tell you.
cost of the home?

IR:

Okay. So, let me ask you alittledifferent question
then. Could you tell mewhat would be theannual rate
of increase in the cost of the home?

T2:

I'd say 3000 is what percent of 82,000?

IR:

Okay, you don't have to give me a percent. I just want
a number. How much does the house increase per year?
What's the annual rate of increase?

T2:

Is this something I'm going to estimate because it's
different?

IR:

Yeah, you can estimate it.

T2:

4000? [Correct answer]

IR:

Roughly 4000.

T2:

So 94 would be roughly 78; 95 would be roughly 80,000.
[Correct answers]

IR:

Yeah, okay, so let's write that down.

Stuck?

The increased

Okay.
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T2:

Write down what?

What 94 and 95 would be?

IR:

Yeah.

T2:

94 would be roughly 80; no, did I add it wrong? 78,
this is 78; 95 would be roughly 80. [Correct answer]

IR:

Okay. Yeah, that's good.
of, something like that.

T2:

I was trying to come up with some exact percentage rate
or something.

IR:

No, I think that we have to kind of approximate in this
case.

T2:

Yeah. Well, I was trying to be exact, and I couldn't
figure out how to be.

IR:

Yeah. Often in real life, you can't be exact.
A lot
of times, in the problems that we get in our book,
everything's exact; but if you go out into the world,
things are not quite so exact.

T2:

Yeah, I'd rather not have to be exact.

IR:

So, I think this is a little more realistic kind of
situation. So, we're predicting what, 1995?

T2:

1995.

IR:

Okay, 80,000. Could you predict when the price would
be, say 100,000?

T2:

100,000. Alright, 100,000, that's 20,000 more than 80,
20,000 more. We said approximately increases 4000 a
year; so I'll divide 4 into 20 and get in five more
years. So, in the year 2000; no, yeah, is that right?
You're not going to say. Yeah, in the year 2000.
[Incorrect answer]

IR:

Okay.

T2:

It'll be roughly 100.

That's what I was thinking

[Laughs]

Roughly 80,000.

IR:

Now, do you think that you could write down a general
formula for the price as a function of the year?

T2:

Alright, let's see. The function of the year [writes
f(Y)] equal to price. Let me think. I'm trying to be
logical.
[Pause]
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IR:

What are you thinking about?

T2:

I can't think how to write it.
two years.

IR:

Yeah.

T2:

Price, I don't know how to write it.

IR:

That's okay. Can you relate this back to some of the
other questions we were talking about?

I know it's 4000 every

T2: Uhum.
IR:

How?

T2:

How functions can relate to each other.
relates to the increase.

IR:

Oh, so they're connected.

T2:

Uhum.

IR:

Could you make a graph of that situation?

T2:

Yeah, you want me to?

IR:

Yeah.

T2:

I think I could.

IR:

I'm curious as to how you would do it.

T2:

Okay, let's see. [Laughs] A graph, I don't know.
don't know if I can make it.

IR:

Oh.

T2:

I mean, can you put y as the year, x as the price?
that allowable?

IR:

It's your graph.

T2:

I'm thinking of a bar graph, is what I'm thinking of.
That would be easier.

IR:

Oh, a bar graph.
already?

So, the price

I think so.

Is

You can do whatever you want with it.

Okay.

Have you had a statistics

T2: No.
IR:

I

Because that's what they do in statistics.
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T2:

I have to take that next.

IR:

Yeah.

T2:

Uhm, I guess you could do that. I don't know. I guess
you could. Put the year over here on the y, and they
would all be positive since we're not dealing with
negatives; and the prices would all be positive and it
go like this; and it would increase roughly 4000 every
year. [See copy of her work.]

IR:

Yeah, so what would you do for a graph?
have to be exact.

T2:

Uhm, I'd need some numbers.

IR:

Yeah.

T2:

I guess. I don't know if this is possible. I guess
we'd have to pretend that's our zero because that's
where we start. The 1980.

IR:

Okay.

T2:

That would be right here; and then 82 and on up.
you want me to write it?

IR:

Maybe just a couple, so I'll know.

It doesn't

Do

[Writes up to 92 in increments of two on the vertical
axis. ]
That's good.
[Then she scales the horizontal axis, starting with 50
at the origin and using the table values of 57.5 and
70, rather than even increments, as points on the
axis.]
T2:

Something like that.

IR:

Okay, just do a few of the points.
do all of them.

T2:

Alright.
that?

IR:

Okay.

T2:

And since it increases at 4000 every year, it'll go
forever. [Laughs] There's no end to that; it'll just
keep rising unless something changes.

You don't have to

[Plots three points and draws a line.]

[Pause]

Like

Good.
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IR:

Unfortunately, that's the way inflation works.

T2: Yeah.
IR:

Okay, that's good.

Tackle another one?

T2:

I guess.

IR:

This will be a different type. These [Problems 4a and
4b, see Appendix H] are similar to some questions that
I asked you on the test [the functions posttest].

T2:

These were like the test and I answered them, but I
really wasn't sure about them.

IR:

Yeah, I wanted to learn more about what you answered
and why you answered it the way you did, andso forth;
and I changed it a little bit. Why don't you read the
first one aloud?

T2:

[Reads Problem 4a]

IR:

I didn't leave any space, and I should have.
Maybe,
write a little note for each point, like A, what's
happening there. I should have left some space for
that.

T2:

Okay, A?

IR:

Yeah, what's happening at A?

T2:

He's climbing his first hill, I guess. No, no, I was
looking at this all wrong. I looked at these as hills.
That's exactly the way I looked at it. It just dawned
on me. I looked at it backwards. When he stops to get
a drink, he's probably right here [points at D].
That's where his speed went to zero again. I didn't
even think about it that way. I looked at these rises
as two different hills. I sure did. Alright. So A,
he begins here. A, he's been riding for five minutes,
roughly; and he's going to climb a hill. Isn't that
what you want me to say?

IR:

Uhm.

T2:

He's just getting started?

IR:

Yeah, that's what I wanted, more like that.

T2:

Getting started. I looked at that completely wrong.
Okay. B, hmm, no I don't think, between A and B, he
kinda reaches a cruising speed, you could say; and

Okay.

[Correct answer]
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during B, he's just maintaining that, maintaining
cruising. [Correct answer] Okay C, he's decided he's
thirsty.
IR:

He's thirsty?

T2:

[Laughs] It's time to go down here and take a break.
Wait a minute, wait. No, [rereads part of the problem]
during the ride, he must climb a hill where he pauses
for a drink. Oh, so C, okay his speed decreases
because he's going uphill. It's harder. [Correct
answer] Wrong? [Laughs]

IR:

I'm not saying.

T2:

Okay C, let's see how it goes. It's between 25 and 30
minutes he's been riding. [Pause] That might mean
that at B, he's climbing the hill.

IR:

Oh, you're going to change B.

T2:

I might.

IR:

Okay.

T2:

Because at C, he drops his speed from 20 to 0, in about
eight minutes. B is probably climbing the hill. B's
climbing the hill. [Questionable interpretation] C,
he's slowing down to stop to get his drink of water;
and then, this is when he's descending the hill because
it's easier. His speed gets faster because he's going
downhill.

IR:

Uhum.

T2:

B, I'm going to change that.

IR:

Okay.

T2:

Uhum, it is.

IR:

Yeah.

T2:

I really think D is when he stops to get his drink of
water, and I'm going to put that before I forget. D,
stops for water. [Correct answer]

IR:

Alright.

T2:

Alright. C, he's climbing the hill. That's what he'd
be doing. That's why his speed decreases because he's
climbing. Wrong? I know, you won't tell me.

[Pause]

It's tricky.
I'm trying to be logical here.
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IR:

I'll tell you afterwards.

T2:

Okay. I think this is right. Let me think now. He's
cruising along. He decides to go up the hill which
would definitely make his speed decrease. He stops to
get his drink of water; and from up here, it tells me
that he descends after he drinks his water. So E, he's
descending. [Correct answer]
F, he's making a last
minute sprint [laughs], sprint.

IR:

Okay. Is he going up or down, or straight, or what?
Can you tell?

T2:

[Pause] His speed is maintaining the same. So that
means, [pause] I think he's leveling off. [Questionable
interpretation]

IR:

Okay.

T2:

He's come down the hill, and that's the momentum that's
going to carry him. [Questionable interpretation] Now
I'm trying to figure out what G is. His speed
decreases, but it takes 15 minutes. So I guess he just
slowly descends down this slope. That's the carry over
from the hill. F and G, he's slowly ending his ride.
[An outside interruption]

IR:

Okay, what did we decide?

Or did we?

T2:

Sort of decided, I guess.

IR:

So, F was?

T2:

Leveling off after the descent.
[Questionable interpretation]

IR:

And then G was what?

T2:

Slowly ending, just kinda winding down.

IR:

Uhum, and that's different from the way you looked at
it before?

T2:

Oh, indeed. I looked at it completely wrong. I looked
at these lumps; I wasn't even thinking graph; I was
thinking of a picture.

IR:

Picture?

T2:

Yeah, I really was. I wasn't even thinking. I was
saying, "Well, here's a hill and here's a hill."
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IR:

Ah, two hills.

T2:

You know, I really wasn't even thinking. I don't know
where I was. But now I realize how that was wrong. I
don't know what I was thinking.

IR:

Okay. Well, what ahout these journeys? What do you
think about those? Which of those could be a journey?
Or maybe they all could; maybe none of them could?

T2:

Well. This could be a journey [points to (d) ].
of it, parts of the graph look like a journey.
[Questionable interpretation]

IR:

Why don't you circle that one then?
happening on that journey?

IR:

What is t, time?

IR:

Yeah.

T2:

And this is distance. So, as time goes by, the
distance is increasing, still increasing. Wait, let me
think, be logical. As time decreases, let's see.
[Pause] I don't know how the distance could decrease.
So, that might not be a journey. Distance decreases.
That would mean that what, you were heading back to
where you came from? I don't know about that one. I
think that maybe this one [points to (b) ] is the only
one that could be a journey. [Correct answer]

IR:

Oh, think so?

T2:

Well, as time is increasing, distance is increasing.
When you get here, time goes by, maybe this you're
standing in the same spot.

IR:

Oh, okay.

T2:

And then here, you start to go again.
that's a journey.

IR:

Alright.

IR:

Let's see about this one [part (c) ]. You start here.
Time goes by, and you're in the same place. All of a
sudden, you jump on an airplane, and you're somewhere
else [laughs]. I don't know about that. You're
bewitched, and you're somewhere else immediately. I
don't think so. [Correct answer]

IR:

Well, these do take a little thought.

Some

And then, what's

What's happening there?

So, I'd say
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T2:

Yeah.

IR:

What do you think about A?

T2:

A? Alright, as time increases, distance increases.
You can't have negative time. No. I don't think. I
don't think A is a journey. [Correct answer]

IR:

How about C?

T2:

I don't know about that one, butI'm going to say

IR:

Yeah. Well, that's interesting.
I think we'rejust
about through. The tapes' about to run out, but I did
want to ask you one other quick question. Just look at
the last situation [Question 5], and we won't have to
go through all of the questions I have about it. I
wanted to see if you could look at that.

T2:

I hate these.

IR:

Oh, you hate this?

T2:

Only because I can't ever remember the velocity
formula.

IR:

Oh, that's what I wanted to see, if you could remember
the equation.

T2:

Yeah, I remember you telling us about it, but I cannot
remember that.

IR:

Okay, then don't worry about it.

T2:

Will you tell me it, so I can rememberit?

IR:

Oh, yeah.

T2:

Tell me what it is, and I'll just write it down.

IR:

The formula for what, now?

T2:

You know the one, its' something is equal to negative
16.

IR:

Yeah.

no.

[Tells her the formula and ends the interview. ]
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3.

The table below gives the average price of a new home
in Smalltown* USA for every two years since 1990.
Year

Price

1980

50,000

1982

53,000

198A

57,500

3
H. S

1986

62,000

1988

67,000

1990

70,000

1992

7A.000

1 ^

*)ljOOO

/w

gOjOOO

H.S

*
i
1

/ 00,000

i
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The graph below gives the speed o f a cyclist on his
d a i l y training ride.
During his ride> he must climb a
hill where he pauses for a drink of water before
descending.
U se this graph to d e s c r i b e what is
hap pe ni ng at each of the labelled points.

50
Speed

30
(mph)
20

lO

0
0

10

SO

30

SO

60

70

Time (minutes)

b.

Which of the g raphs below could r ep re se nt a journey?
Ex p l a i n your answer.
<d is the d i s t a n c e at time t.)

d

t
(a)

d

t

t

(c)

(d >
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5.

Suppose that a ball is thrown up wards with an initial
velocity of 128 ft/sec from the top of a building that
is
ft. high.

0 ; ' / 6 i a + -S " t

l4 H
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APPENDIX J
INTERVIEW II WITH C6

This appendix contains Interview II with C6, which was
conducted on May 3, 1993.

As described in chapter 3, C6 was

a female student taking the Computer-Intensive Algebra
class.

A conscientious student, she applied herself well

and earned a grade of "B" for the semester.

Although her

interview was not the best, it was selected because it was
considered to be very representative of the CIA group.

A

copy of her written work is included at the end of this
appendix.

The interviewer is indicated by IR and the

subject by her code C6.
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IR:

[Reads the introduction to the interview] The first
thing I'd like to ask you is, now that we've just about
finished the semester, what are some of your general
impressions of the class?

C6:

Well, I've taken 161 [College Algebra] before; and I
know that I've told you this before; but my teacher was
saying to us that math was logical; and I told him that
somebody lied to him because math was not logical.
[Laughs] But this course [CIA] and the way it's
presented, it makes it logical. It applies everyday
life into your math, and it makes me think of
situations rather than just how to manipulate the
numbers, you know, why you're doing it.

IR: Yes.
C6: I prefer it; I really do.
kind of way.

It puts math in a realistic

IR: Yeah, that's good. What would you say are some of the
most important topics that we talked about?
C6: Well, I think that, uhm, are you talking about the
different types of math problems or whatever?
IR: Yeah.
C6: I think that functions are real applicable because they
carry over into the other parts of the math. I mean,
you can always fall back on the functions if you have a
good foundation in how they work, and why they work,
and how to make a function out of certain information.
It really just seems, I don't know, it makes it easier
to absorb and take in some of the more abstract,
algebraic stuff. [Laughs]
IR: Yeah.
C6: I believe in functions; they've helped me a lot.
IR: Good.
C6: They really have.
IR: Functions is one of the things that I'm particularly
interested in investigating. So, I'm glad you
mentioned functions. Could you describe to me what you
think a function is?
C6: Well, a function is where you have a relationship
between two variables. That may not be correct, but
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it's the first thing that came to my mind. You can
find the relationship between two variables; and, using
various input information, you can manipulate your
output or see cause and effect.
XR:

Yeah.

Could you give me an example of a function?

C6:

Well, uhm. How about, uhm, usually your grades would
be a function of how many times you went to class
[laughs], or how well you did your homework, or
something to that effect.

IR:

Okay, that's good. We talked about input values and
output values. We also talked about domain and range a
little bit. Do you remember when we did that?

C6:

Uhum.

IR:

Could you tell me what you think the domain is and what
the range is?

C6:

If I remember correctly, the domain is actually your xvalues. You get the x-values from the domain, and the
y-values you get from the range.

IR:

Okay, so the function you gave me was, or you gave me
two, one was, what was it? Say it again, the grade in
the course.

C6:

Would be a function of how many times you came to class
or how well you did your homework, something to that
effect.

IR:

Okay, so what would be the domain and what would be the
range for that function?

C6:

Hmm, let's see. The domain would be the days, the
number of times you came to class; and the range would
be the grade.

IR:

Good, that's good.
I think.

C6:

I mean; I don't know. It just the way it's presented
in the book, in the CIA book, it's just uhm; and maybe
because it was so repetitive. It really was; and
sometimes, it felt like it was too repetitive.

IR:

Yeah.

[Laughs]

That was a good example,
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C6:

But it did sink in. You know, after a while, you got
to where you could just look at stuff; and you could
figure it out.

IR:

The word I was thinking of was thorough.

C6:

Thorough, yeah.

IR:

After you went through a chapter in that text, I think
you really knew the material on that subject.

C6:

Uhum.

IR:

But, I think you're right.

C6:

But, that's not bad. I don't think that's bad. I
think with math, you know, especially because so many
people are alienated by it. And I don't know why, but
I've always been alienated by it, I think. I like it
when I understand it; but, if it gets too weird, I just
push it off. You know, I'll try it for a little while;
but it alienates me, and this [CIA] didn't. This
didn't alienate me at all.

IR:

Good. Well, if you had a function that was more of an
algebraic formula, like we worked with some of those.

C6:

Uhum.

IR:

Could you give me an example of one of those, for
instance? Maybe write down a formula that you would
consider an example of a function.

C6:

Like a linear or a quadratic?

IR:

Whatever you want. [Laughs]
don't want to influence you.

C6:

Okay, well, I'll just do an easy one.

IR:

Okay, that's fine.

C6:

[Writes f (x) = 3x + 4. See her work included at the
end of this appendix] A linear one.

IR:

And then, could you pick another one too, besides that
one?

C6:

Uhum.

IR:

And don't call it f; call it something else, besides f.

[Laughs]

They were a bit repetitive.

You're free to choose.

I

[Laughs]
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C6:

Call it something else, like g of x?

IR:

That's fine. [She writes g(x) = 3 X 2 + 2x - 1.]
Alright, that's fine. That's all I wanted. Do you
remember that we had different ways of combining two
functions?

C6:

Uhum.

IR:

Like what?

C6:

[Laughs]
combine.

IR: Oh, yeah.

I'm just thinking that I picked a long one to
You did pick kind of a hard one.

C6: That's okay, because this chapter in the regular 161
[traditional College Algebra] last semester, gave me a
lot of problems. I had to really work with this to
realize to put this in for x, and square it, subtract
it, you know, do whatever you had to do to it. This
one I really had to work at last semester.
IR: Uhum.
C6: So, this is okay.

I think I remember everything.

IR:

Alright.

So, how can we combine them?

C6:

Okay, you can multiply them; you can do f times g of.,
x. You can do f plus g of x. You can subtract them,
and you can divide them. Right? I'm not sure. Can
you divide them?

IR: I'm not going to tell you until after we're finished.
C6: Awh.

[Laughs]

IR:

Right now, you can do whatever you want to with them.

C6:

Okay, and then you can combine them where you have the
f o g , and the g o f.

IR: Right. And you remember how to do any of those?
know how to do all of those?
C6: Uhum.

You

I think I can.

IR: Well, I don't know if I really need for you to go
through the process. As long as you know that you
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could take two functions and combine them in various
ways.
C6:

Yeah.

IR:

What do you think you're doing when you're combining
two functions?

IR:

Well, I think it would help you; I not sure if ratio
would be the right word to use. For instance, the two
functions I gave you, that your grade is a function of
your attendance, and of your homework assignments. So,
if you combine those two functions, you would get, uhm.

IR: What would you get?
C6: You would get [laughs].

I don't know.

IR: Interesting.
C6:

If you combine those two, then you would get. Wait,
let me think. I don't think ratio is the right answer.

IR: No.
C6: I don't know what word to use.
IR:

Well, I'm thinking more about the process that you were
using to combine two functions; and whether you would
consider that process a function.

C6: Oh. [Pause]
[Laughs]

It would be function related, for sure.

IR: Okay. Well, you kinda side-stepped that question.
[Laughs] So, here's a way that you take two functions
and.
C6: [Interrupts] And you combine them.
IR: Is that process a, would you consider that process,
itself, a function?
C6: [Pause]

Correlation is probably the word.

IR: Ah, okay.
C6: Correlation is what I needed. You're combining; I
don't know. Correlation is more what I get when you
combine because you're looking at how two things affect
one thing.
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IR:

How two things affect one other thing.

C6:

Right.

IR:

Okay. I think that's a little different from this,
from what you're doing here when you're adding
functions, or subtracting functions.

C6:

I don't know if you could call that a function or not.
I don't know if I connect that as a function.

IR:

Okay. Alright. Let me give you my example, and you
tell me whether this is a function or not.
—

C6:

Okay.

IR:

As a teacher, at the end of the semester, I have to
take a list of names, which is my class roll, and put
next to each name a letter, which is the student's
grade in the course.

C6:

Uhum.

IR:

Is what I'm doing a function?

C6:

No.

IR:

No, no, no. I take their names, and I assign a grade
to each one of those names.

C6:

Okay.

IR:

Is that a function?

C6:

[Pause]

IR:

Okay. [Pause] I'm not trying to influence you either
way. I just want to see what your answer is.

C6:

No, no. I mean, I don't think that is necessarily a
function, but how they went about getting their grade
is a function.

IR:

Oh, how they went about getting their grade is a
function.

C6:

You know.

IR:

How are you making that distinction?
What's the difference?

I don't think the name is a function of the grade.

I don't think so.

I'm not sure.
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C6: Well, because it's a function for them, what they're
going through to get their grade. That's a function of
their homework, their studies, their whatever; but it's
not a function for you to write their grade by their
name.
IR:

Okay.
[She laughs.] I understand what you're saying.
I'm just not quite sure what the distinguishing factor
is. Because I really want to know what your idea about
a function is; and, somehow, you're saying one thing is
and one thing is not, and I'm not sure what.

C6:

[Interrupts]

IR:

Yeah, what the distinguishing factor is there.

C6:

Well, I don't think it's a function for you to record
their grade because that's, you're just looking at
their name. There's no; their name doesn't have
anything to do with how their grade, how their grade.

IR:

[Interrupts] What about if I look at all their test
scores and I average their test scores and then give a
grade to them?

C6:

Okay, that might be a function.

IR:

That's a function?

C6:

That's a function.

IR:

AhaI [Both laugh.]
getting close.

C6:

I'm sorry. Maybe, I was being too literal. I was just
thinking of, you know, assigning a grade to a name. I
wasn't thinking about the process.

IR:

So, you need some sort of a process to be a function?

C6:

Well, you'd have to have something that related one
thing to another thing; and I just don't. If you just
assigned. Yeah, it is a function.
[Laughs] It would
be a function to give them a grade, you know, based on
their other grades, averaging them out.

IR:

Uhum. [Pause] Okay, why don't we put this is Number
1? So, put a one there so that I can keep track of
that; and let's do Number 2.

C6:

Okay.

Where

I draw the line.

Okay, we're getting; we're kinda
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IR:

So, I'm going to give you a function. f of x equals mx
plus "b". Do you know what kind of function that is?

C6:

That's a linear function.

IR:

What would the graph look like?

C6:

It would be straight.

IR:

What's the name of that?

C6:

Uhm, I just call it a linear graph.

IR:

Well, I'm not really supposed to tell youwhether it's
right or not; but that's whatI'm asking.

C6:

Okay, it's a linear graph.

IR:

Okay, and if you have a linear graph, what's the
significance of the "m"?

C6:

That's the slope, the rate of change.

IR:

The rate of change, and then "b" iswhat?

C6:

The y intercept.

IR:

Okay. So, if the slope, uhm, ifthe "m" got larger,
what would happen to the graph?

C6:

If the "m” got larger, then it would be steeper.

IR:

Good, that's good. Suppose I didn't have a graph.
Suppose I had a table of values for this function.

C6:

Uhum.

IR:

Then, how could you tell, what would the "m" be in
relation to the table of values?

C6:

That would be rate of change, your constant rate of
change.

IR:

Oh, and what would the "b" be?

C6:

The "b" would be your, wait, letmethink,

IR:

Output?

C6:

Output for uhm, wait, I don't want to get confused.
Okay, your "b" would be the input; and your "m" would
be your constant rate of change.

It could go up or down or.

Is that right?

your output.
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IR:

Okay, that's good.
questions.

Those seemed easy for you, those

C6: Yeah.
IR:

They were not for the people that I asked those
questions of from the traditional sections of algebra.
They didn't know the answers you just gave me very
easily. So we're ready to go to question Number 3.

C6:

Okay.

IR:

You can put your name and the date on the top of your
copy.

C6:

Okay.

IR:

So, you understand what I'm giving you?

C6:

Uhum.

IR:

Okay. So, you have this table with prices of houses at
different years; and I was trying to make the problem
as realistic as I could get the numbers. What I would
like for you to do is to see if you could use that data
to predict the price of the house in another year
that's not in the table, say 1995, for instance.

C6:

Okay, for 1995?

IR:

Right.

C6:

Can I use my calculator?

IR:

Yeah, sure.

C6:

Okay, I would say that one of the easier ways would be
to find the average of the rate of change for all the
previous years.

IR:

Oh, okay.

C6:

That to me would seem to be the easiest, the easiest
way.

IR:

Okay. [Pause while she calculates the average of the
price increases] What are you doing, finding the
average of all of those?

C6:

Yeah, uhum.

IR:

Okay.

[She reads the problem.]

[She mistakenly divides by 7 instead of 6]
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C6:

So, the average rate of change is 3285.

IR:

Alright.

C6:

And we have it for 92. So we need it for 93, 94, and
95. So, that would be times 3 more. So, let's see,
that would add 9,857 to 74,000. So, in 1995, it should
be 83,857.14.

IR:

Yeah, okay. Just briefly, describe to me how you did
that and what you were thinking about as you did all.
your steps.

C6: Okay. I just figured out whatthe rate of change for
each year was, added them up, divided by the number of
years involved. The average change was 3,285. In
1992, it was 74,000. So, I needed it for 1995, which
is three years later. So, I multiplied 3 times the
3,285 [she should have divided it by 2 first] and added
that to the 74,000.
IR: Uhum.Good. So, it would be about
83,000 in 1995. Do
you think you could come up with a prediction as to
when the house would be worth $100,000?
C6: Uhum. Let's see. I would write this up, write the
equation. [Writes 100,000 = 3285x + 50,000]
IR: Where did you get that formula?
C6: Is that wrong?

[Laughs]

IR: Remember that I told you when I ask you a question, it
doesn't mean that anything is wrong. I just want to
know where you got it from?
C6: Oh, I know. I just. Okay, we want to figure out how
many years it will take. We know that in 80, well, I
guess I could have started, I don't know, I started
back at 80 because I would use that like a zero.
IR: Okay.
C6: I think, probably, if you were going to put that on a
graph or something, that would be where you start.
IR: Yeah.
C6:

Then, you know that the average change is 3,285. So,
you need to find out how many years times that 3,285
plus 50,000 will give you the 100,000.
So, I'll know
what year.
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IR:

Good, I understand.

C6:

Is that okay?

IR:

Yeah.

IR:

So, I'm going to subtract the 50,000 from both sides,
which is going to be 50,000. Then, I'm going to divide
by the 3,285. So, that gives us an x-value of 15.22
years; and then you have to add that to. Wait, that
doesn't sound right, according to this approximation
[her previous estimate of $83,857 in 1995], because
that would still leave it. Or did I do it wrong?

IR:

I think you made a mistake-in your numbers someway
along the line, but your ideas were fine.

C6: Okay. Yeah, because you can look at that and it's not
going to be right. Because, if this is 1980, in 15
years, that would make it 1995; and we have it at
$83,000.
IR:

Right. So, there's something wrong; but it's in the
numbers.

C6: Okay.
IR:

Because you made a couple of mistakes in your
calculations, but your ideas were good; and that's what
I was more interested in. So, I didn't worry about the
numerical mistakes.

C6: Are you going to tell me what I did wrong?
IR: I will, but I, uhm.
C6: Not now?
IR: No, after we finish.
C6: Okay.
IR: Because we don't have too much of the tape left, and I
want to get to at least one more kind of problem before
we run out of tape.
C6: Okay.

[Pause]

IR: Oh, you want to look at it some more and try to figure
it out?
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C6:

No, that's okay. I mean, I would. I know right away
that this is wrong because of my prior calculations.
So, I would go back and try to figure out what I did
wrong; but we can do that later.

IR:

Well, let me ask you this. What would be the annual
rate of increase for the house? for the price of the
house?

C6:

The annual rate of increase?

IR:

Uhum.

C6:

The 3,285, the average rate of increase. Oh, wait. I
see. That's not every year, is it? I didn't look over
here [the column with the years].

IR:

You didn't look carefully at that.

C6:

No, I did not.

IR:

So, what would you have to do to fix it?

C6:

Okay. Well, then you would have to go get your annual
rate of change. Divide in the years, instead of how
many.

IR:

Okay, and if you had done that, then all of your
answers would have come out right.

C6:

Yeah, because this definitely affects it. This change
is every two years. It's every two years. So, I would
divide this by 2; and it would have been right.

IR:

Yeah.

C6:

Yeah, it did.

IR:

But that's okay.

C6:

Okay.

IR:

I want to ask you about the next page.

C6:

[Looks at the graph]

IR:

Yeah. This is similar to one that I asked on the
written test [the posttest], but this way I get to ask
you more questions about what your answers mean.

C6:

Okay.

No, I did not.

So, that's what threw everything off.

That was real good.

It's a jogger or something?
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IR:

So, why don't you read the problem out loud so that
they can hear it on the tape?

C6:

Alright.

IR:

Yeah, and I forgot to leave space for you to write down
your answers. So, maybe you can just do it at the top
of the page; and put what's going on at point A, and
what's happening at point B, andso forth.

C6:

Okay. At point A, he is, let'ssee, he's starting his
ascent up the hill. He's climbing the hill at point A.
He's just getting started. You want me to write this
up here?

IR:

Just a couple of words so that I'll know.

C6:

Okay. And his speed is leveling off from A to B. He's
still going up though. He's still going up the hill.
But his speed is leveling off; and then at C, his speed
is starting to slow down because he's getting more to
the top of the hill.

IR:

Okay. So, write something down.

C6:

Okay. Can you read that?

IR:

Yeah.
me.

C6:

So, at C, his speed is slowing because he's getting
close to the top.

IR:

So, atC he's getting close

C6:

Yeah. He's climbing. It's either getting steeper or
he's getting closer to the top to where his speed is
slowing down.

IR:

Oh, okay.

C6:

I'll just put he's slowing.
[Laughs]

IR:

Slowing.
the.

C6:

[Interrupts] Yeah. He's getting towards the top, but
it's like he's up; but when you get to the top and
you're on a bicycle, you're starting to get tired
because you've been fighting that hill. So, you going
to slow down.

[Reads Problem 4a]

I can read that, and I'll have the tape to help

Okay.

to the top?

I understand.
Speed is slowing.

Well, I sorta want to know where he is on

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

332
IR:

Oh, okay.

I understand.

C6:

Okay?

IR:

So, put he's near the top of the hill.

C6:

Okay. Nearing top. And then, at D is when he pauses
for his drink. And then, he starts his descent after
D. At E, he's starting his descent; and his speed is
increasing. His speed keeps on increasing to F, to
where he's, uhm.

IR:

Where is he?

C6:

He must be toward the bottom. He must be almost at the
bottom of the hill when he gets at F because, let's
see. He's at the top. His speed is increasing, and he
gets to F and has leveled off a little bit. Then, his
speed just slows until he gets to home. I guess he
just takes it easy.

IR:

Okay.

C6: So, F would be the bottom and G would be the ride home.
IR: Alright.
C6:

Good, very good.

[All correct answers]

You want to do (b)?

IR: Yeah, I think I would like to.
C6: Okay. It says, which of the graphs below could
represent a journey? Explain your answer. It's not
that [a].
IR:

Why? The one that you said it's not, which is graph
(a), I want to know why.

C6:

[Laughs] Because you're not going to go forward in
distance and then go back again at negative distance.
I mean, this is your time. This is just silly.

IR: Okay, it is.

[Laughs]

06:

That's just silly. And then, on this one (c), you're
not. This isn't it either because your time is moving.
You're saying your distance. You're not going to go
parallel in distance. You are going to be moving, one
direction in distance. It's not going to go straight
up.

IR:

Why?

Why can't it go straight up?
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C6:

Wait a
minute.
I'll tell
You'd almost have to stop, stop
second time, you'd going to get
know. That's like "Beam me up,
don't like that one.

you
in a minute.[Pause]
your traveling and the
way up here. I don't
Scottie." [Laughs] X

IR:

Right, that's right.

C6:

Then (b) , I'm sorry I went the wrong way.

IR:

That's

C6:

You're
starting
your time and
your distance.This
could work because you could stop here. You could stop
and spend the night here. This one looks alright.

IR:

Okay. So, circle that one.

C6:

Okay, that one would work. This one [d], your time and
distance. No, because you wouldn't go less distance.
No, you have more time and you going negative, down in
distance. No, I don't like that.

IR:

Yeah, good. You did real well with that. [All correct
answers] So, I think that I can ask you one question
about this last problem; and then we'll have to stop.
So, why don't you read the question.

okay.

C6: Okay. [Reads Question 5] Alright, this
formula that I hate so much.
IR: You do?

is astupid

Why is that?

C6: Yuk. [Writes s = -16t + v0t + s„, forgetting to
the t]

square

IR:

Yeah. So, what would it be for this particular case?

C6:

Okay, let's see.

IR:

Good, very good. So, I think that we are going to have
to wrap it up because we are running short of time.

C6:

[Writes s = -16t + 128t + 144]

Okay.

IR: You did real well.
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3.

The table below gives the average price of a new home
in Smalltowni USA for every two years since 1900.
Year
1900

50,00

1902

53,000

190A

57,50

1906

62,00

1900

67,00

1990

70,00

V

1992

mt>
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50000

f
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The graph below gives the speed of a cyclist on his
da i ly training ride.
During his ride* he must climb
hill where he pauses for a drink of water before
descending.
Use this graph to descr ib e what is
happening at each of the labelled points.
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Speed
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(m p h )
20

lO

10

20

30

50

60

70
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b.

Which of the graphs below could represent a journey?
E x p l a i n your a n s w e r .
<d is the distance at time t.)

d

d

t
(a)

d

t

t

(c)

(d)
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5.

Suppose that a ball is thrown upwards with an initial
velocity of 128 ft/sec from the top of a building that
is 144 ft- high.
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APPENDIX K
OBSERVER NOTES

I, Elizabeth D. Gray, an assistant professor of
mathematics at Southeastern Louisiana University, acted as
an independent observer of several classes during the spring
semester of 1993.
The first class (TA1) which met at 9:00 a.m. MWF was
held in McGehee Hall - Room 108.
College Algebra.

The class was Math 161 -

The instructor was Mr. Brian O'Callaghan.

On February 8, 1993, Mr. O'Callaghan had a very calm
and pleasant manner with the students and seemed
exceptionally patient while answering their questions.
After announcing a test for the next meeting and answering
questions, he proceeded to give a traditional, algorithmic
approach to solving quadratic equations.

During this

session, he ended the chapter of quadratics and began a
chapter on functions.

The lesson focused on an introduction

to the graph of a linear function.
On March 8, 1993, Mr. O'Callaghan led his class in an
introduction to exponential functions.

Again, he seemed

very patient with the students and explained each step of a
process with great detail.

The students seemed to have

adapted to the quiet style of the instructor and were very
attentive.

They were very comfortable in asking questions.

338
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On April 23, 1993, Mr. O'Callaghan began class with an
announcement about Math Awareness Week.

The last test of

the semester was announced and students began to ask
questions about systems of equations.

As usual, Mr.

O'Callaghan was very patient and extremely clear in his
explanation of how to solve a system in three unknowns.
The second class (TA2) that I observed met at 12:00
p.m. MWF and was held in Wilson Hall - Room 111.
was Math 161 - College Algebra.

The class

The instructor for this

class will be referred to as Dr. T (Traditional).
On February 17, 1993, Dr. T began class by returning a
test to the students.The students were
did not ask questions

extremely quiet and

or make comments. This instructor is

very quiet also but very thorough in his explanations.

He

wrote everything he said on the blackboard, and it was like
reading a textbook.

He began chapter 8 on functions and did

a very good job of explaining a function as an input/output
device.

His discussion of function notation was also very

good.
On March 8, Dr. T began the chapter on exponential
functions.

It was again very obvious that there was no

interaction between him and the students.

There were very

few students present,

all chalk-talk.

but the lesson was

On April 23, 1993, there
the class.

were eight students present in

Dr. T had a very good rapport with these
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students, but the class discussion on solving systems of
equations was very traditional.
The third class (CIA) that I observed met at 2:00 p.m.
MWF and was held in McClimans Hall- Room 208 (or in the
Mathematics Training Center in McClimans Hall). The
instructor was Mr. Brian O'Callaghan.
On February 17, 1993, Mr. O'Callaghan started the class
with an overhead transparency of some homework results.
started a lesson on functions as rules.
style is very calm and patient.

He

Mr. O'Callaghan's

After a brief lesson and

some explanation about notation, the class was taken to the
Computer lab in the Mathematics Training Center where they
used the DERIVE program to evaluate functions.
On March 3, 1993, Mr. 0'Callaghan began the class with
a discussion of graphs.

He showed the class how to enter a

function like P(a) = 2.5a - 300 into the computer.
was a discussion of "break-even" point.

There

The class went to

the computer lab where they worked in groups of two on the
assignment about "break-even" points.
class was very relaxed.
computer work.

The style of the

The students seemed to enjoy the

Mr. 0'Callaghan had very good rapport with

the students as he answered their questions in the lab.
On April 19, 1993, Mr. O'Callaghan started the class
with a discussion of linear equations in two variables.
There was a simple review of the coordinate system.

The

discussion was very clear, and there was a good development
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of the distance formula.

The students were put into small

groups to work on problems, while Mr. O'Callaghan answered
questions in a very patient manner.

Submitted: November 5, 1993
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APPENDIX L
CORRELATION MATRIX

This appendix contains the correlation matrix for the
variables involved in the analyses of covariance.

These

include the four component scores and the total score from
the functions tests, the Math ACT scores, and the scores
from the departmental final examination.
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VITA

Brian Richard O'Callaghan was born on October 9, 1944
in New Orleans, LA, the son of Richard William and Jean
Erichson O'Callaghan.

After graduating cum laude from

Jesuit High School in 1962, he accepted a Breaux Scholarship
to attend Loyola University.

Four years later, Brian earned

a B.S. degree (again cum laude) with a major in mathematics.
His next challenge was the pursuit of a graduate degree at
Florida State University, for which he was awarded a
National Defense Education Act Fellowship.

This was

achieved in December, 1967, when he received a M.S. degree
in mathematics.
Brian's professional career in education began as an
Instructor of Mathematics at the University of New Orleans
in August, 1970.

In addition to four years there, his

teaching experience includes seven years at Metairie Park
Country Day School, six years at Loyola University, and six
years in his current position in the Mathematics Department
at Southeastern Louisiana University (SLU).

He was recently

granted a promotion to a tenure track position at SLU and
will begin the 1994-95 school year at the rank of Assistant
Professor.
Throughout his academic life, Brian has continued to
enhance his credentials and develop himself professionally.
During his time at Country Day, he completed the Teacher
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Certification Program for the State of Louisiana at Tulane
University-

He has also earned many hours of computer

science credit by taking courses during his spare time.

In

August of 1989, he accepted an Alumni Association Fellowship
to begin a doctoral program in the Department of Curriculum
and Instruction at Louisiana State University.

His studies

have been concentrated in the area of mathematics education,
with particular emphasis on the use of technology to improve
the teaching and learning of algebraic concepts.

These

efforts have culminated in the dissertation project and the
writing of this document with the hope of graduating at the
svunmer commencement exercises to be held in August, 1994.
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